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Abstract
The local BRST cohomology is computed in old and new minimal super-
gravity, including the coupling to Yang-Mills gauge multiplets. This covers
the determination of all gauge invariant local actions for these models, the
classication of all the possible counterterms that are invariant on-shell, of all
candidate gauge anomalies, and of the possible nontrivial (continuous) defor-
mations of the standard actions and gauge transformations. Among others it
is proved that in old minimal supergravity the most general gauge invariant ac-
tion can indeed be constructed from well-known superspace integrals, whereas
in new minimal supergravity there are only a few additional (but important)
contributions which cannot be constructed in this way without further ado.
Furthermore the results indicate that supersymmetry itself is not anomalous in
minimal supergravity and show that the gauge transformations are extremely
stable under consistent deformations of the models. There is however an un-
usual deformation converting new into old minimal supergravity with local
R-invariance which is reminiscent of a duality transformation.
 Present address. E-mail: brandt@ecm.ub.es.
1 Introduction
1.1 Topics and motivation
This paper presents the rst exhaustive analysis of the local BRST cohomology in
supergravity. More precisely we will analyze the two most popular formulations of
four dimensional N = 1 supergravity known as old [1] and new [2] minimal super-
gravity, including their coupling to Yang{Mills gauge multiplets. The inclusion of
further (matter) multiplets will be briefly discussed too.
To begin with, let me recall some general features of the local BRST cohomology.
By this I mean the cohomology of the BRST operator1 in the space of local functionals
of the elds and antields. It allows to analyze various physically relevant aspects
of gauge theories in a unied framework. Historically it was above all the anomaly
problem that initiated the interest in this cohomology when it became clear that
the possible gauge anomalies dene cohomology classes at ghost number one. This
was rst shown in abelian Higgs{Kibble and Yang{Mills theories [4, 5] and later
generalized to arbitrary gauge theories [6].
The classication of possible anomalies is however only one instance that can be
eciently investigated by means of the local BRST cohomology. Further well-known
applications of this cohomology are the construction of gauge invariant actions and
the classication of the possible \on-shell counterterms". Both the actions and these
counterterms are local functionals of the classical elds, the dierence being that
actions have to be gauge invariant o-shell whereas the counterterms need to be
gauge invariant only on-shell. Gauge invariant actions and on-shell counterterms
dene BRST cohomology classes at ghost number zero.
Possibly still less known are other applications of the local BRST cohomology
which were realized more recently and will be therefore briefly described in a little
more detail in the following.
One of these applications concerns the problem whether or not a given gauge
theory, dened through a particular gauge invariant action, can be consistently and
continuously deformed in a nontrivial manner. Here a deformation is called consistent
when the deformed action is still gauge invariant but under possibly modied gauge
transformations, continuous when it can be parametrized by a deformation parame-
ter g such that one recovers the original theory for g = 0, and nontrivial when the
deformation cannot be removed through mere eld redenitions. Such deformations
concern thus simultaneously the action and the gauge transformations. To rst or-
der in g they are determined by the local BRST cohomology at ghost number zero
[7]. At higher order in g they might get additionally obstructed by the local BRST
cohomology at ghost number one [8].
Last but not least the local BRST cohomology provides, at negative ghost num-
bers, the dynamical conservation laws of a theory [9]. These conservation laws are
1Throughout the paper, the word \BRST operator" describes the strictly nilpotent antiderivation
which acts nontrivially on both the elds and the antields and is generated in the antibracket by
the solution of the master equation [3], see section 2 for details.
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described in terms of totally antisymmetric local functions j1:::k of the classical
elds with on-shell vanishing divergence (@1j
1:::k  0), dened modulo trivial con-
servation laws which are on-shell of the form @0k
[0:::k]. As shown recently in [10],
each dynamical conservation law corresponds to a global (= rigid) symmetry of the
solution of the master equation [11, 3] and gives rise to a corresponding Ward identity.
This generalizes Noether’s theorem on the correspondence of dynamically conserved
currents (= conservation laws of order k = 1) and the global symmetries of the
classical action.
To summarize, the local BRST cohomology contains physically relevant informa-
tion at all ghost numbers  1 (a physical interpretation of the cohomology classes at
ghost numbers > 1 has not yet been found). Therefore it is worthwhile to analyze
this cohomology at least for these ghost numbers.
The analysis of the local BRST cohomology in minimal supergravity carried out
here will allow us to answer questions which in part have been discussed already
in the early days of supergravity without having been answered exhaustively so far.
For instance, the problem whether the local supersymmetry transformations can be
modied nontrivially was raised already in [12] soon after supergravity was invented
in [13]. Shortly after that, the discussion of the possible on-shell counterterms was
started [14], mainly to clarify whether or up to which loop order supergravity may
be nite in the conventional quantum eld theoretical approach. The construction
of supergravity actions has been discussed extensively in the literature because it
is much more involved than in standard gravity. In particular various superspace
techniques have been invented for this purpose, see e.g. the textbooks [15, 16]. In
this paper we will clarify whether or to what extend such methods provide the most
general local action functional for old and new minimal supergravity. Anomalies in
supergravity have been already discussed in the literature using the BRST approach,
see e.g. [17]. However, the work on this topic concentrated up to now mainly on
the determination of chiral anomalies in supergravity, leaving open among others the
important question whether or not local supersymmetry itself can be anomalous.
1.2 Sketch of the approach
To compute the local BRST cohomology for old and new minimal supergravity, one
has to solve
s!4 + d!3 = 0 (1.1)
where !4 is the integrand of a local functional, written as a dierential 4-form, !3
is some local 3-form, s is the nilpotent BRST operator for the supergravity theories
studied here, and d denotes the spacetime exterior derivative. The searched for
solutions !4 are dened modulo trivial solutions of the form s4 + d3. In particular
!4 itself is of course required to be nontrivial,
!4 6= s4 + d3: (1.2)
We will investigate (1.1) and (1.2) for all ghost numbers but spell out the results
in detail only for the physically most important cases, i.e. for ghost numbers  1.
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The investigation will be truly general, i.e. it will not use restrictive assumptions
on the form of the solutions. For instance, a restriction on the number (and order)
of derivatives of the elds and antields occurring in !4, !3, 4 and 3 will not be
imposed, apart from requiring this number to be nite2. Furthermore, the solutions
will not be assumed to be covariant in whatever sense from the outset. In particular
it will neither be assumed that they transform as true dierential forms under space-
time dieomorphisms, nor that any group indices of the elds occurring in them are
\correctly" contracted. Also, we will of course not assume that the solutions can be
constructed in whatsoever fashion from superelds (superelds and superspace tech-
niques will nowhere be used in this paper!). The cohomological analysis itself will
therefore reveal to what extend the solutions have such properties.
Our only inputs will be the eld content and the BRST transformations. We will
use the standard set of auxiliary elds to close the gauge algebra o-shell and the
standard actions and gauge transformations to construct the BRST operator. These
gauge transformations are of course general coordinate transformations (= spacetime
dieomorphisms), N = 1 supersymmetry transformations, Lorentz and Yang{Mills
transformations, as well as the reducible gauge transformations of the 2-form gauge
potential present in new minimal supergravity.
The use of the auxiliary elds is in principle not necessary as the antield formal-
ism allows to treat also open gauge algebras [3]. Nevertheless it has some advantages
to close the gauge algebra o-shell by means of auxiliary elds. For instance this will
facilitate to distinguish nontrivial deformations of the gauge transformations from
trivial ones, and counterterms which are invariant only on-shell from those which can
even be completed to o-shell invariants by means of the auxiliary elds. As a matter
of fact, the solutions of (1.1) and (1.2) in a formulation without auxiliary elds can be
easily obtained from those given here. To that end one must eliminate the auxiliary
elds using their ‘generalized equations of motion’ resulting from the solution of the
master equation rather than from the classical action, see [18, 19] for details.
To analyze (1.1) and (1.2) systematically we will use a general framework de-
scribed in [20] (see also [21]). This reduces the computation of the BRST cohomology
(locally) to a particular \covariant" cohomological problem for the operator ~s = s+d
in the space of local total forms depending on suitably dened tensor elds and gen-
eralized connections. Local total forms are simply formal sums of local dierential
forms with dierent form degrees and ghost numbers. To solve the reduced prob-
lem we will then combine results and techniques (e.g. Lie algebra cohomology) used
successfully already in nonsupersymmetric theories [22, 23, 24, 25, 26] and methods
developed in [27, 28] to deal with supersymmetry.
2More precisely we require niteness of the number of derivatives in every term occurring in an
expansion of the forms according to the number of antields. This denes \local forms" here.
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1.3 Outline of the paper
We will rst dene the problem precisely by xing the eld content and the BRST
transformations in section 2. There we will also introduce already the relevant gen-
eralized connections and tensor elds. It will be crucial for the analysis to determine
an appropriate complete set of these tensor elds such that there are no identities
(including \dierential" ones) relating the elements of this set o-shell. This will be
done in section 3.
We will then be prepared to compute the local BRST cohomology. This compu-
tation will be carried out in two separate steps. In section 4 we will rst compute the
restricted BRST cohomology dened through (1.1) and (1.2) in the space of antield
independent local forms. Thanks to the use of the auxiliary elds, this problem is
well-dened and reduces locally to the corresponding ~s-cohomology in the space of
antield independent total local forms depending only on tensor elds and generalized
connections. Its solution will provide in particular the most general action functionals
for old and new minimal supergravity spelled out in section 5.
In section 6 we will then analyze the full BRST cohomology, i.e. the solutions of
(1.1) and (1.2) in the space of local forms which may depend on antields as well.
This problem can (and will) be also traced back to a cohomological problem dened
in the space of total local forms depending only on the tensor elds and generalized
connections (but not on antields); however, this time the relevant cohomology is
the weak (= on-shell) ~s-cohomology in this space [20]. A comparision of the results
for the restricted and the weak ~s-cohomology will nally enable us to distinguish
those solutions which necessarily involve antields from those which can be written
entirely in terms of the elds when the auxiliary elds are used (note however that the
elimination of the auxiliary elds introduces in general additional antield dependence
[18]). The results for the local conservation laws, on-shell counterterms, consistent
deformations and for the candidate gauge anomalies are presented in sections 7, 8
and 9.
In section 10 we discuss the modications of the results when further (matter)
multiplets are included or a more complicated action is used from the start. Section
11 briefly comments on topological aspects which are neglected in the remainder of
the paper. A summary of the main results with some concluding comments is given in
section 12, followed by several appendices containing conventions used in this paper,
details concerning the realization of supersymmetry in minimal supergravity which
underlie crucially the results, and the derivation of two theorems used within the
computation.
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2 Field content and BRST algebra
Old and new minimal supergravity dier both in their eld content and gauge symme-
tries. The eld content of old minimal supergravity in a formulation with closed gauge
algebra, including Yang{Mills gauge multiplets and all the ghosts, is summarized in
table 2.1 where gh(), "() and dim() denote the ghost number, Grassmann parity
and dimension of  respectively (the dimension assignments are the ‘natural’ ones).
 gh() "() dim()
e
a 0 0 0 vierbein
  0 1 1=2 gravitino
M 0 0 1 complex Lorentz scalar (aux.)
Ba 0 0 1 real Lorentz vector (aux.)
C 1 1 −1 dieomorphism ghosts
 1 0 −1=2 supersymmetry ghosts
Cab 1 1 0 Lorentz ghosts
A
i 0 0 1 Yang-Mills gauge elds
i 0 1 3=2 gauginos
Di 0 0 2 real Lorentz scalars (aux.)
Ci 1 1 0 Yang-Mills ghosts
Table 2.1: Field content of old minimal supergravity
The new minimal supergravity multiplet contains instead of the auxiliary elds M
and Ba a 2-form gauge potential and a gauge eld for R-transformations, with corre-
sponding ghosts and a ghost for ghosts, cf. table 2.2. Accordingly the gauge symme-
tries of new minimal supergravity include the reducible gauge transformations of the
2-form gauge potential and local R-invariance. In contrast, old minimal supergravity
may or may not be locally R-invariant (both cases are covered by our analysis). The
Yang{Mills gauge multiplets have in new minimal supergravity the same eld content
(A
i; i; Di) as in old minimal supergravity, except for the missing gaugino and D-
eld for R-transformations (when old minimal supergravity with local R-symmetry
is considered, the corresponding gauge eld, gaugino and D-eld count among the
A
i; i; Di in table 2.1).
 gh() "() dim()
t 0 0 0 2-form gauge potential
Q 1 1 −1 ghosts associated with t
Q 2 0 −2 ghost for the ghosts Q
A
(r) 0 0 1 gauge eld for R-transformations
C(r) 1 1 0 ghost for R-transformations
Table 2.2: Fields in new minimal supergravity replacing M and Ba
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In order to dene the cohomological problem we need to specify the BRST trans-
formations of all the elds in tables 2.1 and 2.2 and of their antields. Since a
formulation with a closed gauge algebra is used, the BRST transformations of the
‘classical elds’ (i.e. those elds with ghost number 0) can be obtained directly from
their gauge transformations by replacing the gauge parameters with the corresponding
ghosts, using the standard eld variations under dieomorphisms, Lorentz and Yang{
Mills transformations, the supersymmetry transformations given e.g. in [1, 2, 15], as
well as the extra gauge transformations in new minimal supergravity. For instance







b + 2i(a   −  
a): (2.1)
The BRST transformation of the ghosts (and the ghost for ghosts) are then chosen
such that the BRST operator is nilpotent. In old minimal supergravity this yields
sC = C@C












b − 2i  !
ab (2.5)
+12 
ab M + 12
ab  M + 2i "abcdc Bd (2.6)
where fjk
i are the structure constants of the Lie algebra of the Yang{Mills gauge
group and !
ab is the usual gravitino dependent spin connection, cf. appendix B.
The BRST transformations obtained in this way for old minimal supergravity
with local R-symmetry turn into those for new minimal supergravity by setting M
to zero (o-shell) and identifying Ba with
Ba  16 "
abcdHbcd; H = 3@[t] + 6i [  ] : (2.7)
Furthermore one gets the following BRST transformations of t , Q and Q:
st = @Q − @Q + C
@t + (@C
) t + (@C
) t
−i (   −    +    −   ); (2.8)
sQ = @Q+ C
@Q + (@C
)Q − 2i 
  t − i ; (2.9)
sQ = C@Q− 2i 
 Q : (2.10)
Finally, the BRST transformation of the antields are obtained from the respective





Thanks to the closure of the gauge algebra, S itself is simply given by




where Scl denotes the classical action and fAg is the set of elds given in tables 2.1
and 2.2.3
The somewhat tedious construction of the BRST algebra outlined above can in
fact be streamlined considerably. Namely it can be obtained more easily and elegantly
from the gauge covariant supergravity algebra which is well-known in the literature
and summarized in appendix B. In particular this provides the BRST algebra directly




II ; [I ;DA] = −gIA
BDB; [I ; J ] = fIJ
KK (2.13)
where [; g is the graded commutator, fDAg denotes collectively the super-covariant
derivatives Da and the supersymmetry transformations D and D _, and fIg contains
the independent elements of the direct sum G = GL + GYM of the Lorentz algebra GL
and of the (reductive) Lie algebra GYM of the Yang{Mills gauge group whose elements
are denoted by lab = −lba and i respectively,
fDAg = fDa; D; D _g; fIg = fi; lab : a > bg:
In (2.13) the fIJ
K are the structure constants of G, the gIAB are the entries of
the matrices representing G on the DA, and the TAB
C and FAB
I are torsions and
curvatures spelled out explicitly in appendix B. (2.13) is nonlinearly realized on
tensor elds, i.e. in old minimal supergravity on







and all their super-covariant derivatives (Da1 : : :DakM etc.). The corresponding set
of tensor elds in new minimal supergravity is obtained by setting M to zero and
using the identication (2.7).
The BRST transformations of all the elds can then be compactly written in the
form
~sT = (~ADA + ~C
II) T ; (2.15)




~s ~CI = 12fKJ
I ~CJ ~CK − 12(−)
"A ~A~BFBA
I ; (2.17)
~s ~Q = 16
~a~b~cHabc + i ~
~ _~
_ (2.18)
where ~s is the sum of the BRST operator and the spacetime exterior derivative
d = dx@,
~s = s+ d ; (2.19)
3Since antighosts and the corresponding Nakanishi-Lautrup (Lagrange multiplier) elds and their
antields contribute only via trivial solutions to the cohomological problem (see e.g. [22, 9]), they
are completely neglected in this paper without loss of generality.
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"A is the Grassmann parity of DA ("a = 0, " = " _ = 1), T denotes an arbitrary
tensor eld, and ~A, ~CI and ~Q are \generalized connections" dened by
~a = (C + dx) e
a;
~ =  + (C + dx) 
;
~ _ =  _ − (C + dx)  
_;
~Cab = Cab + (C + dx)!
ab;
~Ci = Ci + (C + dx)A
i;
~Q = Q+ (C + dx)Q +
1
2(C
 + dx)(C + dx) t : (2.20)
It should be noted that the equations (2.15){(2.18) decompose into parts with dier-
ent ghost numbers and form degrees. The reader may check that this decomposition
reproduces at nonvanishing ghost numbers indeed the standard BRST transforma-
tions for supergravity, such as (2.1) and (2.2){(2.10). Furthermore the ghost number
0 parts of (2.15){(2.18) provide the explicit form of the super-covariant derivatives




I and Habc respectively (see appendix B for details). The consistency of all these
formulae and the nilpotency of the BRST transformations is guaranteed by the alge-
bra (2.13) and the Jacobi and Bianchi identities implied by it.
Remark: I stress again that the DA do not act in a superspace here. Rather,
they are algebraically (and nonlinearly) realized on the tensor elds which are not
superelds (see appendix B for more details concerning the approach used here).
One can \promote" this realization to superspace but this would not be useful for
the cohomological analysis, see e.g. [29].
3 O-shell basis for the tensor elds
It will be crucial for the analysis to determine an appropriate \basis" for the tensor
elds, i.e. for the elds (2.14) and all their super-covariant derivatives. Here \basis"
is not used in the vector space sense but for a subset fT rg of these tensor elds
which allows to express any tensor eld uniquely in terms of the elements of this
subset. Later, when the full BRST cohomology is computed, we will construct an
analogous on-shell basis. Here we will construct an o-shell basis4. To that end
we rst decompose the torsions Tab
 and Tab
_ ( gravitino eld strengths) and the
curvatures Fab
I ( Lorentz- and Yang{Mills eld strengths) into Lorentz irreducible










i = " G _ _
i + " _ _G
i; (3.2)
F _ _ γ _γ  _ = " _ _" _γ _[Xγ −
1
6("γ" + "γ")R]− "" _γ _Yγ _ _
+""γ[ X _ _ _γ _ −
1
6(" _ _γ" _ _ + " _ _γ" _ _)R]− " _ _"γY _γ _ : (3.3)
4Analogous constructions can be found in chapters 4 and 5 of [30].
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Here the components of U , W , G, X and Y are completely symmetric in all their un-
dotted and dotted spinor indices respectively. X, Y andR are the super-covariantized
Weyl tensor, trace-free Ricci tensor and curvature scalar in spinor notation respec-
tively (one has R = Fab
ba, Yab = Facb
c + 14abR).
We now construct a basis for all the super-covariant derivatives of the tensor elds
(2.14). To that end we introduce the short hand notation T mn for a Lorentz irreducible
multiplet of tensor elds whose components have m dotted and undotted n spinor
indices and are completely symmetric in them respectively,








We now dene the following operations D++, . . . , D
−








T _1 _m)1n) g;
D−+T
m























































Here O(2) denotes terms which are at least quadratic in the tensor elds and we used
the super-covariant d’Alembertian
2 = DaD
a = 12D _D
_ :
The relations (3.5) imply that, up to terms O(2), all super-covariant derivatives of









where p; q  0, (r+s)  m, s  n, (r0+s0)  n, s0  m and r0 > 0 (the last condition
avoids a double counting of the terms with r = 0 and r0 = 0). Note that none of the
expressions (3.6) contains both D−+ and D
+
− as a consequence of the last two relations
in (3.5).
Up to terms O(2), (3.6) provides already a basis for the super-covariant deriva-
tives of the ‘elementary’ (non-composite) tensor elds M , B, i and Di. However,
when applied to the eld strengths, it yields an overcomplete set of super-covariant
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derivatives because there are still algebraic identities relating the elements of this set.
These remaining identities reflect the Bianchi identities
D[aTbc]
 = O(2); D[aFbc]
I = O(2) (3.7)
and the super-covariant derivatives thereof. In order to remove this remaining redun-
dancy, we rst decompose the identities (3.7) into Lorentz irreducible parts. In the
above notation the result is
D−−U + 2D
+





+U = O(2); (3.9)
D+−X − 2D
−
+Y = O(2); (3.10)
D−−Y − 2D
+
+R = O(2); (3.11)
D+−G
i +D−+ G
i = O(2) (3.12)
and the complex conjugation of (3.8){(3.10) (the remaining identities (3.11) and
(3.12) are real). Now, (3.8), all its super-covariant derivatives and the corresponding
complex conjugated identities show that all super-covariant derivatives (3.6) of U
and U containing the operation D−− can be expressed in terms of super-covariant
derivatives of S and S up to terms O(2). Analogously (3.9){(3.12) (and their super-
covariant derivatives and complex conjugations) allow to eliminate all super-covariant
derivatives (3.6) of W , W , X, X and Gi except for those with (p; q; r; s) = (0; q; 0; 0),
and all super-covariant derivatives of Y containing the operation D−−, up to terms of
O(2). As the O(2) terms are composed of tensor elds that have lower dimension
than the respective considered quantity, one can easily prove by induction that in old
minimal supergravity the following list provides a basis fT rg for the tensor elds in
the above sense:








S; S : 2p(D++)




U; U : 2p(D++)






















X; X : (D++)
qfX; Xg;











where p; q = 0; 1; : : : and we used the notation
2p(D++)
qfM; Mg  f2p(D++)
qM; 2p(D++)
q Mg etc: :
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I stress that all the tensor elds listed in (3.13) are algebraically independent, i.e. a
function f(T ) vanishes o-shell if and only if it vanishes identically in terms of the
elementary elds and their derivatives.
An analogous o-shell basis for the tensor elds in new minimal supergravity is
obtained from the above list by discarding M , M and B (and, if present, the tensor
elds associated with R-transformations) and adding to it
2p(D++)









where ~H  f ~H _g denotes the dual of Habc, ~H
a = 16"
abcdHbcd (one has D−− ~H = 0 and
therefore (3.14) contains no terms with D−−).
4 Restricted BRST cohomology
4.1 Reduction to the covariant cohomology of ~s
To compute the restricted BRST cohomology we have to solve (1.1) and (1.2) for
antield independent local forms !4, !3, 4 and 3. The rst step towards the solution
of this problem reduces it (locally) to the cohomology of ~s = s+ d on local functions
depending only on the tensor elds T r given in the previous section and on the
generalized connections (2.20). To show this we use the fact that (1.1) implies descent
equations for s and d,
s!p + d!p−1 = 0; p = 0; : : : ; 4 (!−1  0); (4.1)
which are compactly written in the form




The nontriviality condition (1.2) translates into
! 6= ~s  + constant (4.3)
where  is a sum of local forms like !. Such sums are the local total forms mentioned
in the introduction. Thanks to the closure of the gauge algebra, ~s is strictly nilpotent
on antield independent forms and therefore the restricted local BRST cohomology
can be obtained from the cohomology of ~s in the space of antield independent local
total forms.
The analysis can be considerably simplied by a suitable choice of local \jet
coordinates" in terms of which all antield independent total forms can be expressed,
cf. [20] for details. An appropriate set of local jet coordinates is fU l;V l;W ig where










i : k = 0; 1; : : :g; (4.4)
fV lg = f~sU lg (4.5)
fW ig = f ~CI ; ~A; ~Q; T rg: (4.6)
These jet coordinates satisfy
~sU l = V l; ~sW i = Ri(W) (4.7)
which implies by Ku¨nneth’s formula that the ~s-cohomology on local total forms
!(U ;V;W) can be obtained from the ~s-cohomologies on local total forms (U ;V)
and (W) according to
~s !(U ;V;W) = 0 ) !(U ;V;W) = aai 
i(U ;V)a(W) + ~s (U ;V;W): (4.8)
Here the aai are constants and 
i(U ;V) and a(W) represent nontrivial ~s-cohomology
classes in the space of local total forms (U ;V) and (W) respectively.
Now, in the manifold of the U ’s and V’s the ~s-cohomology is locally trivial thanks
to (4.7) and thus locally represented by a constant. Hence, locally the restricted
BRST cohomology reduces to the ~s-cohomology on local total forms (W) and can
be obtained from the solutions of
~s(W) = 0; (W) 6= ~s(W) + constant: (4.9)
The modications due to global (topological) aspects of the manifold of the U ’s and
V’s are roughly sketched in section 11 along the lines of [26].
For later purpose I add a few comments.
1. If !4 has ghost number g, then ! has total degree G = g + 4 where the total
degree (totdeg) is given by the sum of the form degree (formdeg) and the ghost
number (gh),
totdeg = gh + formdeg: (4.10)
Hence, the (restricted) BRST cohomology at ghost number g is obtained from
the (restricted) ~s-cohomology at total degree G = g + 4. The total degrees of
the W’s are given by
totdeg(T r) = 0; totdeg(~A) = totdeg( ~CI) = 1; totdeg( ~Q) = 2: (4.11)
2. We can assume without loss of generality that the solutions to (4.9) are real.
Indeed, as ~s is a real operator (see appendix A.2 for the conventions concerning
complex conjugation used here), ~s = 0 implies that both the real and the
imaginary part of  are separately ~s-invariant, and  = ~s implies that both
parts are ~s-exact.
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3. (4.7) implies that (W) is ~s-exact in the space of local total forms (W) when-
ever it is ~s-exact in the space of all local total forms,
(W) = ~s (U ;V;W) ) 9 : (W) = ~s (W): (4.12)
4. In the following the analysis will be carried out for old and new minimal su-
pergravity simultaneously. It should be kept in mind however that ~Q and the
super-covariant eld strength Habc of t occur only in new minimal supergrav-
ity, whereas the auxiliary elds M and Ba are present only in old minimal
supergravity.
5. The space of local total forms (W) to be considered for the computation of the
restricted ~s-cohomology is actually the space of polynomials in the W’s. This
follows from the fact that ~s has total degree 1 and vanishing dimension on the
W’s. Hence, the restricted ~s-cohomology can be computed separately for each
subspace of total forms with given dimension and total degree. As all tensor
elds have positive dimension, local total forms (W) with xed dimension and
total degree are necessarily polynomials in the W’s since we do not allow them
to involve negative powers of the auxiliary elds (because otherwise they may
become nonlocal or even ill-dened after eliminating the auxiliary elds through
their equations of motion)5.
4.2 Decomposition of the problem




k(W); NCQ k = k k (4.13)









Note that m in (4.13) cannot exceed the total degree of  because  does not involve
antields (hence, m is always nite). ~s decomposes on the W’s into three parts,
~s(W) = (~slie + ~ssusy + ~scurv)(W); (4.15)
which have NCQ-degrees 1; 0;−1 respectively,
[NCQ; ~slie] = ~slie ; [NCQ; ~ssusy] = 0 ; [NCQ; ~scurv] = −~scurv : (4.16)
5All the arguments go through also for formal local series’ in theW’s. This can become important
when matter multiplets are included because then it might not be justied anymore to restrict the
investigation to polynomials in the W’s.
13
Note that this implies the following anticommutation relations due to ~s2 = 0:
(~slie)
2 = (~scurv)
2 = f~slie; ~ssusyg = f~scurv; ~ssusyg = 0;
f~slie; ~scurvg+ (~ssusy)
2 = 0: (4.17)
The three parts of ~s are spelled out explicitly in table 4.1 where F I and H are total
super-curvature forms given by




~a~b~cHabc + i ~
~ _~
_ : (4.19)
It is evident from table 4.1 that the three parts of ~s have well-distinguished interpre-
tations indicated by their subscripts: ~slie encodes the Lie algebra of G, ~ssusy contains
the supersymmetry transformations and the super-covariant derivatives, and ~scurv
transforms the ~CI and ~Q into the corresponding total super-curvature forms.
W ~slieW ~ssusyW ~scurvW
~Q 0 0 H
~CI 12
~CJ ~CKfKJ





T ~CIIT ~ADAT 0
Table 4.1: Decomposition of ~s
~s = 0 thus decomposes into
0 = ~sliem ; (4.20)
0 = ~ssusym + ~sliem−1 ; (4.21)
0 = ~scurvm + ~ssusym−1 + ~sliem−2 ; (4.22)
...
Now, the cohomology of ~slie is well-known. It is just the Lie algebra cohomology of G.
Since all the ~A and the tensor elds transform according to nite dimensional linear
representations of G and since G is reductive by assumption, the cohomology of ~slie is
represented by functions of the form fi(~; T )P i(~; ~Q) where the fi are G-invariant and
the P i(~; ~Q) are linearly independent monomials in ~Q and in the primitive elements
~K of the Lie algrebra cohomology of G. The ~K themselves are polynomials in
the ~CI and correspond to the independent Casimir operators of G. Their number
therefore equals the rank of G (K = 1; : : : ; rank(G)). They can be constructed using
appropriate matrix representations fT (K)I g of G (see e.g. [31]),
~K = (−)
mK+1
mK !(mK − 1)!
(2mK − 1)!




where mK denotes the order of the Casimir operator corresponding to ~K .
(4.20) implies thus
m = fi(~; T )P





In (4.24) a contribution to m of the form ~sliem−1 has been neglected without loss of
generality because such a contribution can be always removed from m by subtracting
the trivial piece ~sm−1 from .
Inserting (4.24) in (4.21) results in (~ssusyfi)P
i + ~sliem−1 = 0. Using the Lie
algebra cohomology again, we conclude
~ssusyfi(~; T ) = 0: (4.26)
Furthermore, we can assume without loss of generality that none of the fi is of the
form ~sh(~; T ). Namely otherwise we could remove that particular fi by subtracting
the trivial piece ~s(hP i) from . Notice that such a subtraction does not clash with the
other redenitions made so far. In particular it does not reintroduce a term ~sliem−1
in (4.24) (note that in general a similar reasoning would not apply if h would depend
on one of the ~CI).
Hence, the fi are determined by the cohomology of ~ssusy in the space of G-invariant
local total forms depending only on the ~ and T (note that ~ssusy is nilpotent in this
space). Now, the latter cohomology is completely equivalent to the ~s-cohomology
in the space of local total forms f(~; T ). Indeed (4.24) and (4.26) require fi to be
~s-invariant because Ifi = 0 implies ~sliefi = 0 and because ~scurvfi = 0 holds trivially
as fi depends neither on the ~C
I nor on ~Q. Conversely, ~sfi(~; T ) = 0 requires fi to be
G-invariant and fi(~; T ) = ~sh(~; T ) requires h to be G-invariant (this is evident from
expanding these equations in ~CI). The fi can thus be assumed to solve
~sfi(~; T ) = 0; fi(~; T ) 6= ~shi(~; T ): (4.27)
Note that this does not necessarily imply that fi solves (4.9) too. Namely one might
have fi = ~s(W) but nevertheless fi 6= ~sh(~; T ).
4.3 Cohomology of ~s on local total forms f(~; T )
The solution of (4.27) is the most involved part and the cornerstone of the computa-
tion of the restricted BRST cohomology. The result is the following:
Nonconstant solutions to (4.27) exist only at total degrees 2, 3 and 4,
~sf(~; T ) = 0; totdeg(f) = G
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, f(~; T ) =
8>>>>>>>>>><>>>>>>>>>>:
constant for G = 0
~sh(T ) for G = 1
aiaF
ia + ~sh(~; T ) for G = 2
aH+ ~sh(~; T ) for G = 3
aP + ~sh(~; T ) for G = 4
~sh(~; T ) for G > 4.
(4.28)
Here the a’s are constants, the h’s are G-invariant, the F ia are the abelian total
curvature forms (4.18), H is the total curvature form corresponding to t given in
(4.19), and the P are reminiscent of superspace integrals,
P = (D^ _D^
_ −M)  fA( M; W; ) + (D
D − M)B(T )g+ c:c: (4.29)
where
 = − 124 "abcd
~a~b~c~d ; (4.30)




+ D _ ; (4.31)
IP = 0: (4.32)
In (4.29) the operators D^ _ act on everything on their right (i.e. D^ _D^ _ acts on f  g,
not just on the \total volume form" ). The TAB
C in (4.31) are the torsions of the
supergravity algebra (2.13) spelled out explicitly in appendix B. As indicated by
its arguments, A is a polynomial in the undierentiated elds M; W _ _ _γ;
i_ (Wγ
is the chiral part of the gravitino eld strength, see section 3). (4.32) requires B
to be G-invariant and A to be G-invariant except under R-transformations (if R-
transformations are gauged, A must have R-charge −2 as D^ _ carries R-weight 1
according to the conventions used here, see appendix B). I stress that the A and
B need not satisfy any additional requirement in order to ensure ~sP = 0 (but of
course we require them to be local functions). The term aH occurring in (4.28) for
G = 3 contributes only in new minimal supergravity and in (4.29) the eld M has to
be set to zero in new minimal supergravity.
In the remainder of this section I sketch the basic ideas used to derive the above
result, relegating details of the computation to the appendices. Let us rst consider
the cases G < 4. In these cases we can use the fact that any ~s-closed local total form
that does not depend on antields (!) is necessarily (locally) ~s-exact in the space of
antield independent local total forms except for the constants,
~s !(U ;V;W) = 0; totdeg(!) = G < 4
) ! =
(
constant for G = 0
~s(U ;V;W) for 0 < G < 4:
(4.33)
This follows from very general arguments which are not restricted to the theories
under study but hold analogously whenever the gauge algebra closes o-shell. Indeed,
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recall that ~s! = 0 decomposes into descent equations (4.1) and that the nontrivial
(and nonconstant) solutions of these equations in the space of antield independent
local forms correspond (locally) one-to-one to the nontrivial solutions of (1.1) in the
space of antield independent local volume forms. Now, if ! has total degree < 4
and does not depend on antields, it does not contain a nontrivial solution to (1.1),
simply because it cannot contain a volume form. This implies (4.33).
In particular we conclude from (4.33) that ~sf(~; T ) = 0 implies f = ~s for 0 <
G < 4 and f = constant for G = 0. However, this does not yet solve our problem
(4.27) for G < 4 because to that end we have still to investigate whether or not 
can be assumed to depend only on the ~ and T . This investigation is performed in
appendix D within a derivation of the \super-covariant Poincare lemma" which is the
counterpart of the \covariant Poincare lemma" proved in [23] for standard gravity
coupled to Yang{Mills elds6. The result is that one can indeed choose  to be of
the form h(~; T ) except that in the case G = 2 it may involve a linear combination
of the abelian ~C’s and in the case G = 3 it may contain a term proportional to ~Q.
This provides the results for G < 4 in (4.28) due to ~s ~C = F for the abelian ~C’s and
~s ~Q = H.
The investigation of (4.27) is much more involved in the cases G  4. In particular
the supersymmetric structure of the theory plays an essential role in these cases. The
strategy to attack this problem is based on spectral sequence techniques using the
degree in the tensor elds as ltration. That is to say, we decompose the equation
~sf(~; T ) = 0 into parts with denite degree in the tensor elds and analyze it starting
from the part with lowest degree. The decomposition is unique and thus well-dened
thanks to the completeness and algebraic independence of the T ’s, cf. section 3. The




~s(k) ; [NT ; ~s(k)] = k~s(k) (4.34)





f(~; T ) decomposes into
f(~; T ) =
X
k‘
f(k)(~; T ); NT f(k)(~; T ) = kf(k)(~; T ): (4.36)
~sf = 0 requires, at lowest order in the tensor elds,
~s(0)f(‘)(~; T ) = 0: (4.37)
Furthermore we can remove any piece of the form ~s(0)h(‘)(~; T ) from f(‘) without
changing the cohomology class of f by substracting ~sh(‘) from f . Hence, f(‘) is
6See also [32, 22, 33] for analogous results in standard gravity and Yang{Mills theory.
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actually determined by the ~s(0)-cohomology in the space of local total forms f(~; T ).
In particular we can assume
f(‘) 6= ~s(0)h(‘)(~; T ): (4.38)
The analysis of (4.37) and (4.38) proceeds along the lines of an analogous inves-
tigation performed in [28] for rigid supersymmetry. This is possible thanks to the
structure of ~s(0) which splits into
~s(0) = ~slie + susy : (4.39)
Here susy is nothing but the linearized part of ~ssusy (see table 4.1) and acts according
to
susy ~
a = 2i ~~ _a _ ; (4.40)
susy ~
 = susy ~




where DAT is that part of DAT which is linear in the T ’s. The DA are thus linearly
realized on the tensor elds, in contrast to the DA, and satisfy an algebra involving
only structure constants (rather than eld dependent structure functions). This alge-
bra is the linearized version of the covariant supergravity algebra of the DA. It reads
simply
fD; D _g = −2i
a
 _Da ; [DA; DBg = 0 otherwise: (4.43)
(4.37) requires f(‘) in particular to be G-invariant in consequence of the presence of
~slie in ~s(0) (recall that the ~s-cohomology on total forms f(~; T ) is nothing but the
~ssusy-cohomology on G-invariant total forms f(~; T ), see section 4.2). Hence, (4.37)
and (4.38) are equivalent to
susyf(‘)(~; T ) = 0; f(‘) 6= susyh(‘)(~; T ); If(‘) = Ih(‘) = 0: (4.44)
f(‘) is thus determined by the susy-cohomology on G-invariant local total forms
f(~; T ). This problem is indeed analogous to the one investigated in [28] because
(4.43) is of course nothing but the familiar algebra of rigid supersymmetry analyzed
there. The only dierence to the investigation performed in [28] is that in our case
(4.43) is represented on tensor elds whereas in [28] it was represented on ordinary
elds where Da reduces to @a. This dierence does not prevent us from using the
methods of [28]. Namely the only property needed to adopt the analysis and results
of [28] is that the representation of the subalgebra fD; Dg = 0 of (4.43) has QDS-
structure in the terminology of [28], both in old and in new minimal supergravity.
This is explained in detail in appendix C. It is quite remarkable that this property
alone allows us to solve rst (4.44) and then (4.27) completely in the cases G  4.
Indeed, as in section 6 of [28]7 one proves by means of the QDS-structure of
minimal supergravity that all the solutions to (4.37) with G > 4 are ~s(0)-exact, while
7See also appendix E of the present paper where the derivation of the analogous result for the
on-shell cohomology is sketched.
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the nontrivial solutions with G = 4 are linearized counterparts of (4.29) given by
P = D^ _D^
_  fA( M; W; ) +D
DB(T )g+ c:c: (4.45)
with  as in (4.30) and




+ D _ : (4.46)
The results (4.28) for G  4 follow then from standard arguments of spectral sequence
techniques and from the fact that any G-invariant local total form (4.29) is indeed
~s-invariant as shown in [34].
4.4 Completion of the analysis
The results of sections 4.2 and 4.3 imply that any solution to ~s(W) = 0 is, up to a
trivial solution ~s(W), an ~s-invariant completion of a local total form
fi(~; T )P
i(~; ~Q); fi(~; T ) 2 f1; F
ia ; H; Pg: (4.47)
We are therefore left with the following problem: which total forms (4.47) have a
local ~s-invariant completion and which of these completions are inequivalent in the
restricted BRST cohomology?
To answer these questions I show rst that each of the following local total forms
can be completed to a local solution of ~s = 0:
P (~) +HP^ (~; ~Q) + PP
(~; ~Q) (4.48)
where P and P^ are arbitrary polynomials in ~Q and the ~K , whereas P depends only
on those ~K with mK > 2 (cf. (4.23)),
@P (~)
@~K
= 0 for mK = 1; 2: (4.49)
Note that the second term in (4.48) contributes only in new minimal supergravity.
In fact each term in (4.48) can separately be completed to a solution to ~s = 0.
To show this it is useful to complete rst ~K to a \total super-Chern{Simons form"









Ft = tF + (t






I as in (4.23). Due to (2.17), resp.
~s ~C + ~C2 = F ;
the qK satisfy
~s qK = Tr(F
mK)  fK : (4.51)
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The fK are of course the supersymmetric counterparts of the familiar characteristic
classes. Note however that they do not necessarily vanish for mK > 2 because they
are total forms decomposing into local dierential forms with various form degrees.
Hence, the qK are not automatically ~s-invariant for mK > 2, in contrast to their
counterparts in Yang{Mills theory and standard gravity which provide for mK = 3
directly the well-known nonabelian chiral anomalies. Nevertheless, every qK with
mK > 2 has a local ~s-invariant completion. This follows immediately from the results
of section 4.3. Indeed, as fK is (a) ~s-closed due to fK = ~sqK and ~s
2 = 0, (b) depends
only on the ~ and T , and (c) has total degree 2mK , (4.28) implies
mK > 2 : fK = ~s pK(~; T ) (4.52)
for some local total form pK(~; T ). Hence, the total forms
~qK = qK − pK (4.53)
are ~s-invariant,
~s ~qK = 0 (mK > 2): (4.54)
Note that ~qK does not vanish as pK depends only on the ~ and T whereas qK involves
the ~C too. Any polynomial P (~) satisfying (4.49) can thus indeed be completed to an
~s-invariant total form P (~q) by replacing ~K with the corresponding ~qK . In particular
the ~qK with mK = 3, given explicitly in [27, 34], provide the supersymmetrized
versions of the nonabelian chiral anomalies spelled out in section 9.
Similar arguments prove that the remaining terms in (4.48) can be completed to
local ~s-invariants. This will be now shown for the second term in (4.48) (the third
term can be treated in a completely analogous way). In a rst step we complete
HP^ (~; ~Q) to
0 = HP^ (q; ~Q)
by replacing in P^ all ~K with the corresponding qK . Thanks to (4.51) and H2 = 0





The total forms HfK occurring on the r.h.s. of this equation are ~s-closed, depend
only on the ~ and T and have total degrees 2mK + 3 > 4. (4.28) therefore implies
the existence of local total forms hK(~; T ) such that
HfK = ~s hK(~; T ):
In a second step we now consider












where the antisymmetrization in K and L in the rst term on the r.h.s. is automatic
thanks to the odd Grassmann parity of the qK . h[KfL] is ~s-closed due to ~s(h[KfL]) =
Hf[KfL] = 0 (one has f[KfL] = 0 because the fK are Grassmann even), depends only
on the ~ and T , and has total degree 2 + 2mK + 2mL > 5. (4.28) therefore implies
h[KfL] = −~shKL(~; T )
for some hKL = −hLK . Analogous arguments (using H2 = 0 again) imply
hKH = −~s gK(~; T )
for some gK . We conclude that the ~s-transformation of






contains only third order derivatives of P^ (q; ~Q) w.r.t. ~Q and the qK . The arguments
can be iterated until ~Q and all the qK are dierentiated away and one is left with an
~s-invariant completion 00 of HP^ (~; ~Q).
Those P (~; ~Q) which involve ~Q or one of the ~K with mK = 1; 2 and the terms
in (4.47) containing the F ia do not provide further solutions to ~s(W) = 0. Namely
either they cannot be completed to ~s-invariants or the respective ~s-invariants are
cohomologically equivalent to solutions arising already from (4.48). This can be
proved as the analogous statement in standard (non-supersymmetric) gravity, cf.
[23] for details.
To summarize, an ~s-invariant local completion exists for any total form (4.48)
satisfying (4.49) and these completions provide all the solutions to ~s(W) = 0 up to
trivial ones of the form ~s(W). The resulting list of solutions is still overcomplete
because it still contains trivial solutions which may be removed at each total degree
separately. The solutions with total degree 4 and 5 have been given explicitly in [34]
and will be discussed in sections 5 and 9. They provide the supergravity Lagrangians
and the antield independent candidate gauge anomalies respectively. The other
solutions (with higher total degrees) will not be further discussed here because a
physical interpretation is not yet known for them (they can be found in [27]).
5 Invariant Actions
5.1 Old minimal supergravity
Supergravity actions which are invariant under the standard gauge resp. BRST trans-
formations given in section 2 arise from those total forms (4.48) which have total
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degree 4. In old minimal supergravity these are just linear combinations of the P
(with constant coecients) because the rst term in (4.48) provides only solutions
with total degrees exceeding 4 due to (4.49) and the second term contributes only in
new minimal supergravity. Hence, in old minimal supergravity the integrand of the
most general real action
R
!4 that is invariant under the standard gauge transforma-
tions is the 4-form !4 contained in P = aP where a are arbitrary real constant
coecients. It is an easy exercise to verify that the result is
!4 = d
4x eLold ; e = det(e
a);
with
Lold = ( D
2 − 4i 
 D − 3M + 16 
 ) Ω + c:c: ;
Ω = A( M; W; ) + (D2 − M)B(T ) (5.1)
where D2 and D2 are shorthand notations for D _ D _ and DD respectively,
B  aB is G-invariant whereas A  aA is G-invariant except under R-
transformations if the latter are to be gauged (then A must have R-charge −2).
It is of course well-known that supergravity actions can be constructed from (5.1).
For instance, (5.1) emerges from Eq. (15.28) of [36] when one identies the function
L occurring there with Ω given above, and can also be obtained from superspace
integrals a la [15]. The new result we have derived here is that (5.1) gives remarkably
the most general local action for old minimal supergravity.
The supersymmetrized Einstein{Hilbert action arises from a contribution to A
proportional to M yielding
M−2P l Lgrav =
1
2R+ 2D
(r) − 2i 





  +M  
  ): (5.2)
where (r) and D(r) contribute of course only if R-transformations are to be gauged
(otherwise these elds simply have to be set to zero) and MP l is the Planck mass. I
note that (5.2) is an unusual way to write Lgrav but agrees in fact completely with
more familiar expressions that can be found in the literature. For instance, in (5.2)
the super-covariantized curvature scalarR contains gravitino dependent contributions
that combine with the term 2iS  +c:c: to the familiar kinetic term for the gravitino
given already in [13]. Furthermore, all the terms linear in B, M and M , i.e. those
contained in R, S and S and the last two terms in (5.2), cancel exactly.
The supersymmetrized Yang{Mills Lagrangian arises from the contribution 116
ii
to A (nonabelian indices i are lowered with the Cartan{Killing metric of the Yang{
Mills gauge group and abelian ones with the unit matrix). It reads
LYM = −14 F
iF i − 12 i (
iri + 






i"( i + i  ) +  
 
ii +  
  
ii (5.3)
where " = Ea
   Ed"abcd is vierbein dependent (e" is constant), r is the
usual covariant derivative (not the super-covariant one),
r = @ − A











k + 2i (i[  ] +  []
i): (5.5)
Of course (5.1) can be used to construct supergravity actions that generalize the
simple one arising from (5.2) and (5.3). In particular, a constant contribution m to
A gives rise to
Lcosmo = −3mM + 16m 
  + c:c: (5.6)
which, when included in Lold, contributes to the cosmological constant. Note however
that Lcosmo is neither locally nor globally R-invariant and is thus forbidden when
global or local R-invariance is imposed, in contrast to Lgrav and LYM . Note also that
the most general action contains at most one Fayet{Iliopoulos contribution, namely
the one for R-transformations occurring in Lgrav.
5.2 New minimal supergravity
In new minimal supergravity, both the second and third term in (4.48) contain total
forms with total degree 4 and thus give contributions to the most general invariant
action. The corresponding contributions to the Lagrangian are denoted by L1 and
L2 respectively,
Lnew = L1 + L2 : (5.7)
L1 arises from the second term in (4.48) by choosing P^ = ia ~C
ia as a linear combi-
nation of the abelian ~C’s with constant coecients ia (the ~C
ia are those ~K with
mK = 1). Now, HP^ is not yet ~s-invariant. We know however that it can be com-
pleted to an ~s-invariant local total form, see section 4.4. This completion has been
computed already in [34] and is given by
ia (2 ~C
iaH + ia + ia + Dia) (5.8)
where  is the \total volume form" (4.30),  is given by





and it is understood that, in accordance with appendix B, the gaugino and D-eld
of R-transformations are identied with
(r)  −iS ; D
(r)  −14 (R+HabcH
abc): (5.10)
The appearance of the D-elds in (5.8) indicates already that L1 contains Fayet{
Iliopoulos terms for the abelian symmetries except for the R-symmetry. The latter
exception is due to (5.10) which also shows that the terms in (5.8) corresponding
to R-transformations provide the supersymmetrized Einstein{Hilbert action in this
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case. With M2P l = −(r)=2, one obtains from the volume form contained in (5.8)
8
L1 = Lgrav + LFI ; (5.11)












ia + ia   +  
ia + "A
ia@t): (5.13)
Of course, by an appropriate choice of basis for the abelian gauge multiplets one can
assume that at most one ia (ia 6= (r)) is dierent from zero. Again, one may check
that (5.12) agrees indeed completely with the action for new minimal supergravity
that can be found in the literature, see e.g. [2, 37]. (5.12) and (5.13) cannot naturally
be written as standard superspace integrals, unless one modies the whole approach
using an enlarged eld content, c.f. [16, 37].
The remaining terms L2 in the general Lagrangian (5.7) are analogous to the
Lagrangian (5.1) of old minimal supergravity and can thus be written as superspace
integrals. The dierence to (5.7) is of course that the auxiliary eld M is absent
now. Therefore the supersymmetrized Einstein{Hilbert action does not arise from L2
which reads
L2 = ( D
2 − 4i 
 D + 16 
 ) Ω + c:c: ;
Ω = A( W; ) +D2B(T ) (5.14)
where S counts among the ’s due to (5.10). The supersymmetrized Yang{Mills
action arises from (5.14) through a contribution proportional to
P
i6=(r)
ii to A, like
in old minimal supergravity (the sum over i excludes (r) here in order to end up
with the standard action for new minimal supergravity). Since R-transformations
are gauged in new minimal supergravity, A must have R-charge −2 and therefore
does not contain a constant piece in this case. Hence, Lnew contains no contribution
analogous to (5.6).
6 Full BRST cohomology
We will now analyze the full BRST cohomology based on the standard super-Einstein{
Yang{Mills action
R
d4x eL with Lagrangian
L = Lgrav + LYM (6.1)
where Lgrav is given for old and new minimal supergravity by (5.2) and (5.12) re-
spectively, and LYM as in (5.3). The specialization to a particular action is necessary
because the BRST transformations of the antields involve the variational derivatives
of the action with respect to the elds. Choosing the simple action with Lagrangian
(6.1) has the major advantage that the results can be easily generalized to more
8I remark that (5.12) and (5.13) correct a mistake in formula (3.29) of [34].
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complicated actions by means of spectral sequence techniques, cf. remarks in section
10.
The analysis of the full BRST cohomology proceeds closely to that of the restricted
BRST cohomology in section 4. It uses the fact that the full BRST cohomology
(taking the antields into account) can be obtained from the weak (\on-shell") ~s-
cohomology involving the elds only (but not the antields) [20].
6.1 On-shell basis for the tensor elds
It will be crucial to determine an appropriate on-shell basis for the tensor elds.
Such a basis is a subset of the o-shell basis determined in section 3 taking the
equations of motion into account. This makes sense because the equations of motion
are equivalent to equations involving only the tensor elds [20]. The equations of
motion can therefore be used to express some of the tensor elds T in terms of others
(of course they may even set some T ’s to zero). The remaining T ’s form the searched
for on-shell basis for the tensor elds which will be denoted by fT^ rg.
Let me rst illustrate the procedure for pure old minimal supergravity with La-
grangian (5.2) without gauged R-symmetry (i.e. for (r) = D(r) = 0). In this case
the equations of motion simply set R, Y , S, U , M and B to zero where the nota-
tion of section 3 is used and spinor indices are suppressed9. Using (3.13), one now
easily veries that an on-shell basis for the tensor elds in pure old minimal super-
gravity is given by W , W , X, X and all their D++ derivatives dened in (3.4) (recall
that X is the super-covariantized Weyl tensor and that W is the chiral part of the
super-covariantized gravitino eld strength).
When Yang{Mills multiplets are present, R, Y , etc. do not vanish anymore
on-shell but can still be expressed (nonlinearly) in terms of other tensor elds. In
addition one has the equations of motion for the Yang{Mills multiplets which are
analyzed analogously. One obtains that an on-shell basis for the tensor elds is given
by






Giq : q = 0; 1; : : :g (6.2)





In new minimal supergravity one nds analogously that (6.2) gives an on-shell basis
for the tensor elds with the understanding that it does not contain any tensor eld
associated with local R-symmetry (G(r) and G(r) are eliminated using the equations
of motion for t while Habc is eliminated through the equations of motion for A
(r)).
9This is a somewhat unusual but correct form of the equations of motion. E.g., the gravitino
dependent terms that appear in more familiar versions of the equations of motion \on the r.h.s. of
the Einstein equations" are indeed taken into account as R and Y are super-covariant.
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6.2 Sketch of the computation
As shown in [20], the computation of the full BRST cohomology reduces (locally) to
the determination of the weak cohomology of ~s on local total forms depending only
on the W’s given in (4.6). The computation of this cohomology can therefore be
further reduced to a problem involving only the tensor elds T^ given in (6.2) and
the generalized connections ~A, ~CI and ~Q where it is understood that G(r) and G(r)
do not count among the T^ in new minimal supergravity and that ~Q is absent in old
minimal supergravity. To formulate the problem on the remaining variables correctly,
one has to express their weak ~s-transformations completely in terms of these variables
again. To that end one must use the equations of motion to express those tensor elds
T 62 fT^ rg which occur in ~sT^ , ~s~, ~s ~C and ~s ~Q in terms of the T^ as described in section
6.1. Denoting weak (= on-shell) equalities by , we are thus left with the problem
~s ( ~C; ~; ~Q; T^ )  0 (6.4)
dened modulo trivial solutions which are weakly of the form ~s( ~C; ~; ~Q; T^ ) +
constant.
(6.4) is now analyzed analogously to (4.9). As the equations of motion do not
interfere with the Lie algebra cohomology, one rst shows as in section 4.2 that the
nontrivial solutions of (6.4) are at highest degree in the ~C and ~Q given by
fi(~; T^ )P
i(~; ~Q) (6.5)
where the fi solve
~s fi(~; T^ )  0; fi(~; T^ ) 6 ~s hi(~; T^ ): (6.6)
The problem (6.6) is now analyzed using techniques similar to those described in
section 4.3. There is however one important complication compared to the restricted
cohomology. It consists in the fact that (6.4) has in general nontrivial solutions with
total degree G < 4, in contrast to the analogous \strong" problem (4.27). Such
solutions correspond to local conservation laws as they provide representatives of
the local BRST cohomology at negative ghost numbers [9]. For G < 3 they can be
computed using methods developed in [9] (see also [38]) which are not repeated here.
One nds that there are no nontrivial solutions with total degrees G < 1, whereas
the only nontrivial solutions at G = 1 and G = 2 correspond to solutions of (1.1)
given by
G = 1 $ d4xQ; (6.7)
G = 2 $ d4xCia (ia 6= (r)); (6.8)
where Q and Cia are the antields of Q and C
ia respectively. It is very easy to verify
that (6.7) and (6.8) solve (1.1). Indeed (2.11) gives directly
sQ = @(C








Of course, (6.7) occurs only in new minimal supergravity. There is no solution (6.8)
corresponding to R-transformations because the gravitino and the gauginos have non-
vanishing R-charges. Analogously d4xCia disappears from the list of solutions when
one includes further (matter) elds transforming nontrivially under the iath abelian
gauge symmetry, see [9].
(6.9) ensures that (6.7) and (6.8) give rise to solutions of ~s = 0. The latter
are obtained by evaluating the descent equations implied by (6.9). We denote these
solutions by ~Q and ~Cia respectively. It is easy to verify that they are of the form
~Q = 1e Q
 − 16e
~a~b~c"abcdQ










ia + : : : (ia 6= (r)) (6.11)
where  is the total volume form (4.30). Furthermore one nds that the antield







+ #ia − #ia (6.12)
with
# = ~ _~
_; # _ = ~ _~ : (6.13)
(6.12) thus solves (6.6) as it depends only on the ~ and T^ . In contrast, ~Q involves
~C(r) and therefore its antield independent part solves (6.4) but not (6.6). The latter
reflects the presence of the Chern{Simons like term "A
(r)@t in (5.12). The
antield independent parts of the ~Cia are therefore the only nontrivial solutions to
(6.6) with total degree G < 3 on top of those occurring already in (4.28). The latter
remain indeed nontrivial even in the weak ~s-cohomology on local total forms f(~; T^ ),
except for F (r) in the case of new minimal supergravity where it vanishes weakly. This
quite plausible statement can be proved rigorously by a technique used in appendix
D. The proof parallels that of a corresponding result in standard gravity given in
appendix E of [26] and is therefore not spelled out here.
Let us now turn to the discussion of (6.6) for total degrees G  3. Similarly to the
analogous \strong" problem for G  4 in section 4.3 we decompose (6.6) according to
the degree in the tensor elds T^ . At lowest degree, this yields the linearized problem
susyf(‘)(~; T^ )  0; f(‘) 6 susyh(‘)(~; T^ ); If(‘) = Ih(‘) = 0 (6.14)
with susy as in (4.40){(4.42), and  denoting \linearized weak equality" based on
the linearization of the equations of motion in the tensor elds T^ .
Now, in the cases G  4 the methods and results of [28] can be straightforwardly
adapted to solve (6.14). Again, this is possible thanks to the QDS structure of the
on-shell representation of the subalgebra fD; Dg = 0 of (4.43) proved in appendix
C.3. This implies that, in the cases G  4, the solution of (6.6) is analogous to the
solution of the corresponding \strong" problem (4.44), see appendix E for details.
One is left with the case G = 3 which I have not been able to solve completely.
Partial results are derived in appendix E where it is shown that all the solutions to
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(6.14) with G = 3 can be assumed to be of the form





~ _ ~ _
~
_[D; D _]gR(T^ ) (6.15)
where  is the quantity
 = ~~ _~
_ (6.16)
and R(T^ ) are real functions solving
DDR(T^ )  0; R = R: (6.17)
One solution which is always present is of course R = constant for which (6.15)
becomes simply proportional to . The latter can be completed to a solution of
(6.6) corresponding to the Noether current for R-transformations in the case of old
minimal supergravity (see section 7) and reproducing in new minimal supergravity
the solution H already present in the restricted cohomology, cf. (4.28), where now
of course H has to be replaced by its on-shell version (e.g. in pure new minimal
supergravity H reduces on-shell to i). Recall also that H is ~s-exact, cf. (2.18), but
it is not ~s-exact in the space of total forms f(~; T^ ) (not even weakly).
There might be further solutions to (6.6) with G = 3, in particular when matter
multiplets are included. Fortunately it will not matter in the following whether we
know all these solutions explicitly. We denote them by N , except for the special
solution H present only in new minimal supergravity which is treated separately
because it is the only one which occurs already in the restricted cohomology. We can
then summarize the solution of (6.6) as follows:
~s f(~; T^ )  0; totdeg(f) = G
, f(~; T^ ) 
8>>>>>>>>>><>>>>>>>>>>:
constant for G = 0





ia ~Ciaj + ~sh(
~; T^ ) for G = 2
aH+ aN (~; T^ ) + ~sh(~; T^ ) for G = 3
aP^ + ~sh(~; T^ ) for G = 4
~sh(~; T^ ) for G > 4
(6.18)
where the a’s and the bia are constants (a(r) can be assumed to vanish in new minimal
supergravity as F (r) vanishes on-shell in that case, see above), ~Ciaj was given in (6.12),
and
P = D^ _D^
_  fA( W; ) +D
DB(T^ )g+ c:c: (6.19)
with D^ _ as in (4.31). In (6.18) it is understood that the on-shell version of all
occurring total forms (esp. of H) is used.
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6.3 Result
We can now complete the analysis of the full BRST cohomology. To that end we
have to nd out which total forms







can be completed to (inequivalent) ~s-invariants, where the P ’s and P^ ’s are polynomi-
als in the ~K and in ~Q. Without going into details I note that arguments analogous
to those used in section 4.4 show that
1. P^ depends neither on ~Q nor on those ~K with mK = 1; 2 except on ~C
(r) in new
minimal supergravity. The latter exception reflects that ~C(r) can be completed
to an ~s-invariant total form in new minimal supergravity, cf. (6.10). Hence,







= 0 for mK = 1; 2: (6.21)
2. The terms F iaP^ia either cannot be completed to ~s-invariants or they can be
removed by subtracting ~s-exact total forms and redening PH and P
 appro-
priately.
3. The terms ~CiaP







where P is an arbitrary polynomial in the case of new minimal supergravity,
whereas in old minimal supergravity it must not involve ~C(r),
@P(~; ~Q)
@ ~C(r)
= 0 in old min. supergravity. (6.23)
The remaining total forms (6.20), summarized in table 6.1, have ~s-invariant com-
pletions which provide (locally) a complete set of cohomology classes of the full ~s-
cohomology. This set is actually still overcomplete because it still contains trivial
(i.e. ~s-exact) total forms. The latter may be removed at each total degree separately.
The results for the physically important cases (total degrees  5) are spelled out
and discussed in the following sections. Note that the solutions of type III and VI
are present only in new minimal supergravity and that the solutions I{III can be
chosen so as not to involve antields when the auxiliary elds are used (as they have
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counterparts in the restricted cohomology, see section 4.4). The remaining solutions
IV{VI necessarily involve antields, whether or not the auxiliary elds are used.
Type  Remarks
I P (~) + : : : P as in (6.21)
II P^P(~; ~Q) + : : :
III HPH(~; ~Q) + : : :
IV NP





~; ~Q)=@ ~Cia + : : : P as in (6.23)
VI ~QPnew(~) + : : : Pnew as in (6.21)
Table 6.1: ~s-cohomology
7 Dynamical conservation laws
The local conservation laws are determined by the weak cohomology of d on local
dierential forms at form degrees 0 < p < 4 (as the spacetime dimension is 4 and
constant zero forms are not counted among the local conservation laws). In other
words, they are the solutions of
d j4−k  0; j4−k 6 dk4−k−1 (k = 1; 2; 3) (7.1)
or, equivalently, of
@1j
[1k ]  0; j 1k 6 @0k
[0k] (7.2)










We call j4−k a \dynamical conservation law of order k" when it solves (7.1) locally.
Weakly d-closed forms which are locally, but not globally d-exact on-shell are called
\topological conservation laws" instead and are briefly discussed in section 11. The
dynamical conservation laws of order 1 are the Noether currents j and thus corre-
spond one-to-one to the nontrivial global symmetries of the classical action10.
The weak d-cohomology at form degree (4−k) can be shown to be (locally) isomor-
phic to the local BRST-cohomology at negative ghost number (−k) [9]. The dynam-
ical conservation laws of order 1,2,3 are thus obtained from the (full) ~s-cohomology
10A global symmetry 
i is called trivial if it equals a special gauge transformation (with special,
possibly eld dependent ‘parameter’) up to an on-shell vanishing part of the form ijScl=j with
ij = −(−)"i"jji (in de Witt’s notation). Trivial global symmetries correspond to trivial Noether
currents (satisfying j  @k[]) and vice versa [9].
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at total degree 3,2,1 respectively. The latter is obtained from table 6.1 in section 6.3.
jp is just the antield independent part of the p-form contained in the corresponding
~s-invariant total form  with total degree p.
The results are summarized in table 7.1 where ~Q is the ~s-invariant completion
of 4 ~C(r) in new minimal supergravity, cf. eq. (6.10), and j denotes the Noether
current corresponding to N . I note that table 6.1 contains one more solution with
total degree 3, namely the solution of type III given just by H. The latter is however
~s-exact, cf. (2.18), and does therefore not provide a dynamical conservation law.
k Type  j 1k
1 IV N j


Va ~C[ia ~Cib] + : : : (ia; ib 6= (r)) e F [iaA
ib] + : : :
Vb ~Cia
~Q (ia 6= (r)) e F

ia A
(r) + : : :




ia + : : :
3 VI ~Q 23 e "
A
(r) + : : :
Table 7.1: Dynamical conservation laws
Let me briefly comment the result.
The third order conservation law occurs only in new minimal supergravity. In
complete form it reads
j = e "(23 A
(r) − 14 
ii) + eH
 (7.3)
with H as in (2.7). This conservation law remains when new minimal supergravity
is coupled to matter elds in the standard way (then j just receives further terms
involving the matter elds). Old minimal supergravity cannot possess a conservation
law of third order as its gauge symmetries are irreducible [9].








( ia + ia  ); ia 6= (r) (7.4)
where F
ia are the abelian super-covariant eld strengths (5.5). These conservation
laws disappear when matter elds are included transforming nontrivially under the
abelian gauge transformations, cf. remarks in the text after (6.9).
The Noether currents associated with the type-Va-solutions correspond to the
global symmetry of the Lagrangian (5.3) under SO(N) rotations of the N abelian
gauge multiplets dierent from the one gauging R-transformations.
The type-Vb-solutions ~Cia
~Q are present only in new minimal supergravity. They
correspond to global symmetries of new minimal supergravity transforming for in-
stance t among others into the dual of the eld strength of A
ia and A
ia among
others into a linear combination of A
(r) and the dual of H (this can be read o
from the antield dependent terms contained in ~Cia
~Q).
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The remaining Noether currents arise from the N . Explicitly we know only
one of them, arising from the quantity  given in (6.16) and present only in old
minimal supergravity when R-transformations are not gauged. In pure old minimal
supergravity  is weakly ~s-invariant by itself. The 3-form contained in it is given by
dxdxdx    
and provides the Noether current corresponding to the global R-invariance of the
Lagrangian (5.2) (with (r) = 0 and D(r) = 0). When old minimal supergrav-
ity is coupled to Yang{Mills multiplets via (5.3),  is not weakly ~s-invariant any-
more by itself but has still an ~s-invariant completion which again provides the R-
Noether current (containing now the gauginos as well) and remains nontrivial unless
R-transformations are gauged.
8 On-shell counterterms and deformations
In this section we discuss the implications of the results for the possible on-shell
counterterms and for the consistent and continuous deformations of old and new
supergravity and their gauge symmetries, based on (6.1). In fact both issues are
closely related.
The possible counterterms that are non-vanishing and gauge invariant on-shell are
directly determined by the local BRST cohomology at ghost number 0 as the latter is
equivalent to the weak BRST cohomology on local functionals constructed only out
of the classical elds.
That the consistent and continuous deformations are also restricted by the local
BRST cohomlogy at ghost number 0 was shown in [7] where a systematic method
was outlined to obtain and classify these deformations. The basic idea of this method
is to deform the (classical) master equation [11, 3]. More precisely one looks for a
local solution to the master equation of the form
Sg = S + g S
(1) + g2S(2) + : : : (8.1)
where S is the solution in the original (undeformed) theory and g is a deformation












= 0; : : : (8.2)
As (S;  ) generates the original BRST transformations, the rst condition in (8.2)
requires S(1) to be invariant under the undeformed BRST transformations. To rst
order in g the deformations are thus indeed determined by the local BRST cohomology
at ghost number 0. At higher orders in g the BRST cohomology at ghost number
1 can impose further obstructions [8]. The antield independent part of Sg gives
of course the deformation of the original action while the antield dependent part
provides the correspondingly deformed gauge transformations.
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The BRST cohomology at ghost number 0 arises from the ~s-cohomology at total
degree 4. The latter is obtained from section 6.3, leading to the results summarized in
table 8.1. The latter sketches both the ~s-invariant total forms and the corresponding
BRST invariant local functionals, writing the latter as
R
d4x eLonshell and giving only
a characteristic term. Moreover we use the notation
Ω = A(; W ) +D
2B(T^ ); D
2 = DD ; D
2 = D _ D
_ (8.3)





where j is the Noether current corresponding to N . J

 is of course only covariantly




II P^ D2Ω +D2 Ω + : : :
III H ~Cia + : : : A
ia@t"
 + : : :
IV ~CiaN + : : : A
iaJ + : : :
Va ~C[ia ~Cib ~Cic] + : : : (ia; ib; ic 6= (r)) F [iaA
ibA
ic] + : : :
Vb ~C[ia ~Cib] ~Q + : : : (ia; ib 6= (r)) 4F [iaA
ib]A
(r) + : : :
Vc ~Cia
~Q+ : : : (ia 6= (r)) −12 F

ia t + : : :
Table 8.1: Counterterms and deformations
Let me comment the result.
Type II and III: Using the auxiliary elds, all these functionals can be completed
to o-shell invariants which do not involve antields as they have counterparts in the
restricted BRST cohomology, see section 5. The solutions of type II and III yield
thus only deformations which do not change the gauge transformations nontrivially.
I note that these solutions yield among others possible counterterms which were
discussed already in [14]. For instance, the integrand of a counterterm arising from
B = W 2 W 2X2n X2n contains a contribution proportional to eX2(n+1) X2(n+1), i.e. a
term of order 4(n+ 1) in the Weyl tensor. The terms of type III are present only in
new minimal supergravity and reproduce the supergravity Lagrangian (5.12) and the
Fayet{Iliopoulos term (5.13).
Type IV and V: The remaining terms have no counterparts in the restricted ~s-
cohomology. They yield therefore the possible counterterms that are invariant on-shell
but cannot be completed to o-shell invariants, and provide the possible nontrivial
deformations of the gauge transformations to rst order in the deformation parameter.
We have to ask ourselves what these deformations of the gauge symmetries might be.
The terms of type IV contain couplings of Noether currents to abelian gauge
elds. This suggests that the resulting deformations just gauge global symmetries in
the standard way.
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The terms of type Va are reminiscent of the trilinear vertex of gauge elds in non-
abelian Yang{Mills theory which suggests that the corresponding deformations con-
vert abelian gauge multiplets into nonabelian ones. The complete antisymmetrization
in the group indices then corresponds to the antisymmetry of the structure constants
of the Lie algebra. The Jacobi identity for these structure constants arises at second
order in g, cf. [39, 8] for a discussion in the nonsupersymmetric case.
The terms of type Vb occur only in new minimal supergravity (due to (6.23))
and are somewhat similar to those of type Va. The dierences to the type-Va-terms
are however that a) the antisymmetrization in the abelian indices excludes the R-
transformation and b) the gauginos and the gravitino transform nontrivially under R-
transformations, in contrast to the properties of the type-Va-terms. These dierences
reflect again that ~C(r) can be completed to an ~s-invariant total form in new minimal
supergravity, cf. (6.10). I have not yet investigated whether this might lead to
interesting unknown deformations.
The term of type Vc has no counterpart in standard Yang{Mills theory or grav-
ity because it involves t . Therefore it deserves special attention. Surprisingly it
gives rise to a deformation which converts on-shell new minimal supergravity into
old minimal supergravity with local R-invariance. This unusual feature is possible
because elds which are gauge elds in new minimal supergravity mutate through
the deformation to auxiliary elds or disappear for g 6= 0 completely from the theory
after suitable local eld redenitions. The details of the computation are in principle
straightforward but nevertheless somewhat involved. They will be given elsewhere
[40]. Here I only illustrate the underlying mechanism in a nonsupersymmetric toy
model in flat space.
The toy model involves two ordinary abelian gauge (vector) elds, denoted by A
and a, and a 2-form gauge potential whose components are denoted again by t .
a and t play roles analogous to the R-gauge eld and the 2-form gauge potential
in new minimal supergravity. The Lagrangian of the toy model is analogous to the
\bosonic part" of the sum of (5.12) and (5.3). It is given by
L = 12 HH
 − 23 "
aH − 14 F
F (8.5)
where H = 3@[t] and F = 2@[A] are the eld strengths of t and A respec-
tively and all indices refer to flat space (hence, here we work with " 2 f0; 1;−1g).
Observe rst that the eld redenition a0 = 2a +
1
4"H
 casts (8.5) in the
simpler form




The toy model is evidently invariant under the gauge resp. BRST transformations
 t A a
0
 Q C c Q
s @Q − @Q @C @c @Q 0 0 0
(8.7)
The rst order deformation S(1) of the toy model analogous to the type-Vc-term in
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 +AQ + C
Q)
and evidently nontrivial because tF
 does not vanish on-shell modulo a total






Sg = S + g S
(1) + g2S(2)
solves the master equation where S is the original solution whose integrand is L −
(sA)A. The deformed Lagrangian Lg and BRST transformations sg are now easily




4 (F + gt)(F
 + gt); (8.8)
 t A a
0
 Q C c Q
sg @Q − @Q @C + gQ @c @Q −gQ 0 0
(8.9)
Evidently the deformed Lagrangian depends only on a0 and on t
0
 = F + gt .
The latter is sg-invariant and can be algebraically eliminated for g 6= 0 through its











Note that we started from an action for three gauge elds A; a; t and, after
the deformation and elimination of t0 , ended up with an action for only one gauge
eld. What happened to the other gauge elds and gauge symmetries? One can take
the following point of view: t mutated to an auxiliary eld t
0
 carrying no gauge
symmetry anymore, whereas A dropped out completely due to its deformed gauge
transformation sgA = Q
0
  @C + gQ. We may also take the point of view that
by deforming the model we have gauged the global shift symmetry A ! A + 
of L. In this perspective t and Q are the gauge and ghost elds associated with
the shift symmetry and t0 is the new eld strength of A which is covariant (in fact
invariant) with respect to the gauged shift symmetry.
This mechanism is somewhat reminiscent of a familiar implementation of duality
transformations in abelian gauge theories, see e.g. [41]. In particular the rst term in
the Lagrangian (8.8) is analogous to the Lagrange multiplier term that one introduces
in that approach. In fact duality transformations relating old and new minimal
supergravity are well-known in the literature [42, 16]. It might therefore be worthwhile
to study their relations to the deformation found here.
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9 Candidate gauge anomalies
The candidate gauge anomalies are obtained from the (full) ~s-cohomology at total
degree 5. The latter is summarized in table 9.1, with Ω and J

 as in (8.3) and (8.4)
and writing the candidate anomalies as
R
d4x eLano. Furthermore, we use (solutions
of type I and Va)
C = CIT
(K)




for nonabelian ghost and curvature matrices constructed by means of the respective
Lie algebra representations fT (K)I g as in (4.23).
Type  Lano
I ~K + : : : (mK = 3) Tr(CFF)"
 + : : :
II ~CiaP^ + : : : Cia( D2Ω +D2 Ω) + : : :
III H ~Cia ~Cib + : : : C [iaA
ib]@t"
 + : : :
IVa N ~C
ia ~Cib + : : : C [iaA
ib]J + : : :
IVb N ~Q+ : : : QJ

 + : : :
Va ~Cia
~K + : : : (mK = 2; ia 6= (r)) −12 Tr(CF)F

ia + : : :
Vb ~C[ia ~Cib ~Cic ~Cid] + : : : (ia; : : : ; id 6= (r)) F [iaA
ibA
icCid] + : : :
Vc ~C[ia ~Cib ~Cic] ~Q + : : : (ia; ib; ic 6= (r)) 4C(r)F [iaA
ibA
ic] + : : :
Vd ~C[ia ~Cib] ~Q+ : : : (ia; ib 6= (r)) C [iaF
ib]t + : : :
Ve ~Cia
~C(r) ~Q+ : : : (ia 6= (r)) −12 C
(r)F ia t + : : :
Table 9.1: Candidate anomalies
Note that the candidate anomalies of type III, IVb, Vc, Vd, Ve occur only in new
minimal supergravity. Let me now briefly discuss and comment these results.
I. The solutions of type I are the supersymmetric version of the nonabelian chiral
anomalies. In section 4.4 it has been shown already that they exist on general
grounds, see text after (4.51). Remarkably they can be chosen so as to involve
neither the antields, nor the gravitino, nor any of the auxiliary elds. In this




3) + 3i d4x e (+  )




where  and  are the supersymmetry ghosts, C are ghost matrices as in (9.1)













i ;  _ = dx
 _: (9.3)
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II. The solutions of type II are analogous to candidate anomalies in non-
supersymmetric Yang{Mills theory whose integrands are of the form \abelian
ghost  gauge invariant function". Their complete form has been given in
[34] (see eq. (3.12) there). In particular they include the supersymmetric ver-
sion of abelian chiral anomalies arising from Ω = a
ii + b W W where a is
purely imaginary. It should be remarked however in this context that in new
minimal supergravity there is no abelian chiral anomaly involving the ghost of
R-transformations as the corresponding solutions are trivial. Indeed, in new
minimal supergravity 4 ~C(r) can be completed to an ~s-invariant total form ~Q,
see (6.10). A total form solving ~s = 0 and corresponding to abelian chiral
anomalies involving the R-ghost would therefore read ~QTr(FF) with F as in
(4.50). However, this total form is ~s-exact, ~QTr(FF) = −~s( ~Qq) where q is
the total super-Chern{Simons form satisfying ~s q = Tr(FF), see section 4.4.
III. The candidate anomalies of type III are present only in new minimal supergrav-
ity. They can be chosen to be antield independent when the auxiliary D-elds







ib   +  
ib +Dib)
−A
ia(ib + ib)− i"A
iaA
ib(   +   )
o
(9.4)
where the coecients aiaib must be antisymmetric,
aiaib = −aibia ; (9.5)
and the use of the identications (5.10) is understood. Due to (9.5) these can-
didate anomalies occur only in presence of at least one abelian gauge symmetry
in addition to R-symmetry. Note that they are somewhat similar to chiral
anomalies, as the rst term in the integrand of (9.4) can be written completely
in terms of ghosts and connection- and curvature-forms. I remark that the total
form H ~Q occurring in table 6.1 among the type III terms does not give rise to
a candidate anomaly because it is trivial thanks to H ~Q = ~s(12
~Q2).
IV. All type-IV-candidate anomalies involve a Noether current and are thus present
only if the classical action has at least one nontrivial global symmetry. The solu-
tions of type IVa have counterparts in Yang{Mills theory and standard gravity
[19, 24, 25, 26] and occur only if there are at least two abelian gauge symme-
tries. The solutions of type IVb are present only in new minimal supergravity
and involve among others the ghosts Q corresponding to t .
V. The candidate gauge anomalies of type V disappear as soon as one includes
matter elds transforming nontrivially under the abelian gauge transformations,
see remark in the text after equation (6.9). Therefore these solutions appear to
be only of academic interest insofar as (true) anomalies are concerned. Recall
however that abelian gauge elds couple in supergravity always to the gravitino
and to the abelian gauginos via triple vertices present in (5.3).
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VI. Finally I stress that in new minimal supergravity any nontrivial Noether current
j gives rise to a previously unknown candidate gauge anomaly of the formZ
d4xQj
 + : : : (9.6)
This follows from tables 7.1 and 9.1 because all those solutions in table 7.1 pro-
viding the Noether currents (type IV, Va and Vb) occur in table 9.1 multiplied
with ~Q.
10 Generalizations of the results
The investigation can of course be extended to the case that further (matter) multi-
plets are present. It is particularly easy to include matter multiplets which (a) have
QDS-structure and (b) transform linearly under the Yang{Mills gauge group (and
under the Lorentz group), provided one can restrict the investigation to local func-
tionals which depend on the undierentiated scalar elds of these multiplets only via
formal (possibly innite) series’. Indeed, under these assumptions the methods and
results of the computation extend straightforwardly to the case that matter elds are
included.
Requirement (a) is for instance satised o-shell for the matter multiplets most
commonly used in supergravity theories, namely chiral multiplets (’; ; F ) with
supersymmetry transformations given by
D’ = ; D = "F; DF = −12
M;
D ’ = 0; D  _ = −2iD _ ’; D F = 2iD _  _ + B _  _ − 4ii ’:
This implies indeed that the D-representation on chiral multiplets has QDS-
structure o-shell [27, 28]. The result for the restricted BRST cohomology in presence
of chiral matter multiplets (under the above-mentioned assumptions) is then easily
obtained from section 4: the only dierence is that in (4.29) A can also depend
on the ’ whereas B now also involves ’, , F , ’, , F and their super-covariant
derivatives, see [34] for details.
The results for the full BRST cohomology also change only slightly, provided one
uses a standard action for the chiral multiplets. For instance, in the simplest case
the equations of motion reduce at linearized level to 2’  0, D+−  0, F  0. It
is then easy to verify that the D-representation on the chiral multiplets has QDS-
structure even on-shell. Indeed this representation decomposes into singlets given by





q+1 ’g (q = 0; 1; : : :)
where a notation as in appendix C was used. Section 6 then provides straightforwardly
the complete results for the BRST cohomology in presence of chiral matter elds: one




q  among the T^ ’s, add ’ to the
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arguments of A in equation (6.19), and discard ~Cia whenever there is a matter
multiplet which transforms nontrivially under the iath abelian gauge symmetry.
The inclusion of linear multiplets is slightly more involved. Namely these mul-
tiplets will give rise to some additional cohomology as they contain 2-form gauge
potentials. Nevertheless the results of this paper can be easily adapted to models
containing linear multiplets because one can show that the D-representation on such
multiplets has QDS-structure too (for the standard supersymmetry transformations
and actions). As a consequence, the presence of linear multiplets eects the BRST
cohomology in a manner very similar to the eect that the 2-form gauge potential
has in new minimal supergravity.
The results also generalize straightforwardly to supergravity theories with more
complicated actions (containing for instance higher powers in the curvatures), pro-
vided these actions can be viewed as a continuous deformation of the simple action
with Lagrangian (6.1) in the sense of [7] and section 8. Namely then one can use stan-
dard arguments from spectral sequence techniques to relate the BRST cohomology in
the more complicated theories to that in the simple ones considered here [8]. In par-
ticular the BRST cohomology can at most shrink but not grow when going to a more
complicated theory by a deformation. Therefore there are for instance not more can-
didates for on-shell counterterms, nontrivial deformations or gauge anomalies than in
the simple theories. The explicit form of the solutions to the cohomological problem
may of course change.
11 Note on topological aspects
Let me nally briefly discuss a topic which was neglected so far and concerns ‘topo-
logical’ solutions to (1.1), i.e. solutions which are locally but not globally of the form
s4 + d3. Such solutions correspond to local total forms which are locally but not
globally ~s-exact and are called topological total forms in the following.
As mentioned already in section 4.1, the ~s-cohomology is locally trivial on total
forms (U ;V). However, in general it is not globally trivial because the manifold of
the U ’s and V’s has a nontrivial De Rham cohomology which gives rise to topological
total forms (U ;V). As we are considering local total forms, this De Rham coho-
mology boils down to the product of the De Rham cohomology of GL(4) carried by
the undierentiated vierbein elds (see [26] for details) and of the usual De Rham
cohomology of the spacetime manifold. The latter comes here into play because the
x and dx count among the U ’s and V’s. To give an example, the De Rham coho-
mology of GL(4) gives rise to the following topological total form with total degree
3,





The 3-form contained in top is a topological conservation law of rst order in the
terminology of section 7 as it is d-closed but in general only locally but not globally
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This topological conservation law is similar to (though dierent from) the one dis-
cussed already in [43].
Using now the Ku¨nneth formula (4.8), one can construct further topological forms
involving top by multiplying it with nontrivially ~s-invariant total forms (W). For
instance, in new minimal supergravity a topological total form with total degree 4
is given by the product top ~Q
 with ~Q as in section 6.2. The 4-form contained in
top ~Q
 is thus a topological solution to (1.1) with ghost number 0 and has the form
!4 = 4Tr(v
3)A(r) + : : : ; A(r) = dxA
(r) :
Another well-known source for topological solutions is of course the possible non-
triviality of the ber bundles associated with the gauge elds. Prominent examples
for such solutions are the polynomials Tr(F 2) in the curvature 2-forms F providing
characteristic classes.
12 Conclusions
Let me nally summarize and comment the main results of the paper.
Gauge invariant actions: We have shown that in old minimal supergravity
the most general local action, invariant under the standard gauge transformations,
emerges from the density formula (5.1). This proves that in this case the most gen-
eral gauge invariant local action can be constructed from superspace integrals a la
[15]. In contrast, in new minimal supergravity there are a few additional terms, given
in (5.12) and (5.13), which cannot be written as superspace integrals without fur-
ther ado (one such term for each abelian gauge symmetry). The presence of these
\exceptional" terms in new minimal supergravity is crucial because one of them (cor-
responding to the local R-symmetry) is just the supersymmetrized Einstein{Hilbert
action, whereas the others contain Fayet{Iliopoulos terms relevant for spontaneous
supersymmetry breaking [44]. As all these exceptional contributions contain Chern{
Simons like terms involving the 2-form gauge potential and abelian gauge elds, the
situation is somewhat similar to standard (non-supersymmetric) gravity. There the
Chern{Simons contributions are the only exceptions to the rule that invariant actions
are integrated scalar densities of the form \vielbein determinant  scalar function of
the tensor elds" [23].
Consistent deformations: The gauge transformations are extremely stable under
continuous deformations of the type described in the introduction. In old minimal
supergravity the gauge transformations cannot be consistently deformed in a continu-
ous and nontrivial manner whenever the Yang{Mills gauge group is semisimple11. As
11I stress again that in this form the statement applies to the formulation of the theory with
auxiliary elds. The elimination of the auxiliary elds can of course modify the on-shell gauge
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in ordinary (non-supersymmetric) gravity [26], there may be nontrivial deformations
in presence of abelian gauge symmetries but it seems that all of them are well-known,
gauging either global symmetries in the standard way or deforming abelian to stan-
dard nonabelian gauge multiplets. In new minimal supergravity the situation is
slightly dierent. In particular there exists an unusual deformation which converts
new into old minimal supergravity with gauged R-transformations and is reminiscent
of a duality transformation, see [40] for details.
On-shell counterterms: We have obtained the complete lists of the possible coun-
terterms that are gauge invariant on-shell for old and new minimal supergravity (these
lists are actually overcomplete as they still contain terms which reduce on-shell to
surface integrals). It turns out that apart from very few exceptions all these on-shell
counterterms can actually be completed to o-shell invariants by means of the auxil-
iary elds. In old minimal supergravity exceptions occur only if there are (i) at least
one nontrivial Noether current and one abelian gauge symmetry, or (ii) at least three
abelian gauge symmetries. A similar result holds in new minimal supergravity.
Candidate gauge anomalies: We have classied the possible gauge anomalies com-
pletely (up to \topological anomalies"). The result indicates in particular that su-
persymmetry itself is not anomalous in minimal supergravity because all the candi-
date anomalies have counterparts in the corresponding non-supersymmetric theories.
In other words, supersymmetry does not introduce new types of candidate anoma-
lies. In old minimal supergravity the supersymmetrized version (9.2) of the familiar
nonabelian chiral anomalies exhausts the candidate gauge anomalies whenever the
Yang{Mills gauge group is semisimple. All other candidate gauge anomalies require
thus the presence of at least one abelian gauge symmetry, as in standard Einstein{
Yang{Mills theories [23, 26]. In new minimal supergravity there are special candidate
anomalies due to the presence of the two-form gauge potential. They are given by
(9.4) and (9.6). The former are somewhat similar to chiral anomalies and had been
found already in [34]. The latter were previously unknown. They correspond one-
to-one to the nontrivial Noether currents (if any) and involve the ghosts associated
with the 2-form gauge potential.
Dynamical conservation laws: New minimal supergravity possesses precisely one
dynamical conservation law of order 3, i.e. one dynamically conserved 1-form (up
to trivial ones). Old minimal supergravity does not admit such a conservation law
because the gauge transformations are irreducible in this case. The dynamical con-
servation laws of order 2 (i.e. the nontrivial conserved 2-forms) are exhausted by
supersymmetric completions of the duals of abelian curvature forms, both in old
transformations. For instance, adding the cosmological contribution (5.6) to the standard super-
gravity Lagrangian (5.2) (without local R-symmetry, i.e. for (r)  D(r)  0) provides a consistent
deformation of old minimal supergravity with deformation parameter m which does not change the
gauge transformations as long as one keeps the auxiliary elds. However, upon elimination of the
auxiliary eld M , this deformation modies the supersymmetry transformation of   on-shell by a
term proportional to i m, due to the presence of M in the o-shell supersymmetry transformation
of  . This modication indicates of course spontaneous supersymmetry breaking related to the
cosmological constant and gravitino mass term introduced by (5.6).
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and new minimal supergravity. The results for the dynamical conservation laws of
rst order, i.e. for the Noether currents and the corresponding global symmetries
are incomplete. Nevertheless we found both well-known global symmetries (global
R-invariance of old minimal supergravity, invariance under global SO(N)-rotations
of N abelian gauge multiplets), as well as further (possibly previously unknown)
global symmetries of new minimal supergravity when it is coupled to abelian gauge
multiplets. The latter global symmetries transform for instance the 2-form gauge
potential among others into the dual of an abelian eld strength. It is likely, though
not proved, that these are all the inequivalent and nontrivial global symmetries of
minimal supergravity in absence of matter multiplets.
Finally I stress again that these results hold thanks to the \QDS structure" [27, 28]
of old and new minimal supergravity. This structure refers to the representation of
the linearized supersymmetry algebra, or rather its subalgebra (C.1) on tensor elds
and holds both o-shell and on-shell. The QDS structure remains intact even when
chiral matter multiplets are included, at least for the standard actions. In this case
the results remain therefore essentially unchanged, see section 10 for details. The
inclusion of linear multiplets is also straightforward even though these multiplets will
give rise to some additional cohomology, similar to the eect that the presence of the
2-form gauge potential has in new minimal supergravity.
It can be shown [27] that the QDS structure of minimal supergravity is somewhat
related to the so-called constraints satised by the torsions and curvatures occurring
in the covariant supergravity algebra (2.13). Other constraints, such as those realized
in non-minimal supergravity [45], could destroy the QDS structure and therefore
might lead to dierent cohomological results. In particular candidate anomalies for
supersymmetry itself may be present in such a case. The arguments in [46] suggest
that such candidate anomalies might occur in non-minimal supergravity, but this has
not yet been conrmed by cohomological means (see however [34] for some results
on the restricted BRST cohomology in non-minimal supergravity supporting this
conjecture).
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A Conventions
The conventions concerning the BRST algebra (BRST operator, antibracket etc.)
agree with those used in [20].
A.1 Lorentz algebra
Minkowski metric, "-tensors:
ab = diag(1;−1;−1;−1); "
abcd = "[abcd]; "0123 = 1;
" = −"; " _
_ = −"
_ _; "12 = "
_1 _2 = 1;
"γ"
γ =  = diag(1; 1); " _ _γ"
_γ _ = 
_
_ = diag(1; 1)



























ab − ba); ab = 14(
ab − ba)
Lorentz (SL(2; C)) transformations:
labVc = −2c[aVb]; l γ = −"γ( ); lab = ab
l − ab
_ _l _ _ : (A.1)
A.2 Spinors, Grassmann parity and complex conjugation
We work with two-component Weyl spinors. Undotted and dotted spinor indices
; _ distinguish the (12 ; 0) and (0;
1
2) representations of SL(2; C), related by complex
conjugation.
Raising and lowering of spinor indices:
  = " 
;   = " ;  _ = " _ _
 
_;  _ = " _
_  _ :
Contraction of spinor indices:
  :=  ;   :=  _ 
_;   :=  +  :
Lorentz vector indices in spinor notation:
V _ = 
a
 _Va ; V
_ =  _a V
a:
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The Grassmann parity "(X) of a variable (eld, antield, dierential or spacetime
coordinate) or an operator is determined by the number of its spinor indices, its ghost
number (gh) and its form degree (formdeg) according to
"(X _1::: _m1:::n ) = m+ n+ gh(X) + formdeg(X) (mod 2):




Complex conjugation of a variable or an operator X is denoted by X. Complex
conjugation of products of variables and operators is dened by
XY = (−)"(X) "(Y ) X Y :
In particular this implies
@=@Z = (−)"(Z)@=@ Z :
B Gauge covariant algebra
This appendix spells out explicitly the realization of the gauge covariant algebra (2.13)
in old and new minimal (Poincare) supergravity. The super-covariant derivative Da
is dened according to
Da = Ea
(@ − A
II −  






ab : a > bg
contains the Yang{Mills gauge elds A
i and the spin connection
!
ab = EaEb(![] − ![] + ![]);
![] = ea@[e]
a − i    + i    : (B.2)
The nonvanishing gIA
B occurring in (2.13) are read o from




[(r);Da] = 0; [(r);D] = −iD; [(r); D _] = i D _:
(B.3)
We use a formulation of old minimal supergravity with torsions TAB
C and curvatures
FAB
I as in table B.1 where T
 and F
I are given in terms of the gauge elds and























AB ab _b _ _  _
TAB








γb  _ 0 0
TAB




















 −M cd _ _ 2i"
abcda _Bb
Table B.1: Torsions and curvatures in old minimal supergravity
The explicit realization of D and D _ on the tensor elds (2.14) can be obtained























Using the notation of (3.1) and (3.2) one nds in particular
DM = 163 (S − i
(r)
 ); (B.8)
















_ = 0; (B.12)
DD
i = D _
i _ + 32 iB _
i _ : (B.13)
The D-transformations of Tab
, Tab
_ and Fab
I are easily obtained from the identities
(B.6) and (B.7) with indices (ABC)  (ab) and are therefore not spelled out here
(the linearized version of these transformations is given in appendix C).
The realization of the algebra (2.13) in new minimal supergravity can be obtained
from the above formulae using the identications
M  0; Ba  16"
abcdHbcd; D
(r)  −14 (R+HabcH
abc); (r)  −iS (B.14)
with H as in (2.7). Habc satises
"abcdDaHbcd = 0: (B.15)
This can be veried using (B.1) and





which is consistent with (B.10) and (B.14).
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C QDS-structure of minimal supergravity
C.1 Denition of QDS-structure
It will now be shown, both for old and for new minimal supergravity, that the o-shell
and the on-shell representations of the linearized supersymmetry algebra (4.43) on
tensor elds have ‘QDS-stucture’ in the terminology of [28]. Let me rst repeat the
denition of this structure. It refers to the representation of the subalgebra
fD; Dg = 0 (C.1)
of (4.43) on the independent tensor elds in the theory. To analyze it, we use the
same notation T mn as in section 3 for a Lorentz-irreducible multiplet of tensor elds
whose components carry n undotted and m dotted spinor indices and are completely









nT _1 _m1n g: (C.2)
The possible indecomposable representations of (C.1) (\D-multiplets") have been
determined in [28]: there are singlets (S)  Smn , ‘quartet-representations’ (Q) 






n g which degenerate to triplets in the case n = 0,
and ‘zig-zag representations’ (Z)  fZ(0) mn ; : : : ; Z
(k) m
n+kg with an arbitrary number
k of components. It should be remarked that the linearized supersymmetry algebra
(4.43) itself does not rule out any of these representations. The representation of
(C.1) is said to have QDS-structure if it decomposes completely into singlets Sm0
(i.e. singlets without undotted spinor index), (Q)-multiplets (of any kind) and very
special (Z)-multiplets, called (D)-multiplets, of the form fD(0) mn ; D
(+) m
n+1g. The
properties of these multiplets are summarized in table C.1. I note that one has
Q(+−) = 12 D
2Q(0).
Multiplet T D−T D+T





Q(−) mn−1 0 −nQ
(+−) m
n
Q(+) mn+1 (n+ 2)Q
(+−) m
n 0
Q(+−) mn 0 0
(D) D(0) mn 0 D
(+) m
n+1
D(+) mn+1 0 0
(S) Sm0 0 0
Table C.1: D-multiplets in QDS-theories
Remark: Note that the D-multiplets dened above are actually multiplets of




For old minimal supergravity, the D-transformations of all those tensor elds
which do not carry super-covariant derivatives are listed in table C.2. The D-
transformations of their super-covariant derivatives follow then from the algebra
(4.43), using the linearized Bianchi identities (3.8){(3.12). The D-transformations
in new minimal supergravity are obtained from table C.2 using the identications
(B.14) and the additional Bianchi identity (B.15).
T D−T D+T T D−T D+T
B −23(
S + 4i(r)) − U
M 0 163 (S − i








W 6iD−+B − 4iG
(r) −12X
W 0 0








R 0 4iD−+ S








i 2iDi Gi i 0 0
Gi −6iD−+




Table C.2: O-shell D-transformations in old minimal supergravity
It is now straightforward (though somewhat tedious) to verify the QDS-structure of
old and new minimal supergravity. Indeed one nds that all the tensor elds are
either D-singlets S
m
0 or group into (D)- and (Q)-multiplets. More precisely, the
singlets are exhausted by
(S) : M; W; i





q+1ig (q = 0; 1; : : :):
All other multiplets are (Q)-multiplets. Here I only list their lowest components Q(0)



















The higher components of the (Q)-multiplets are in general (multiplets of) linear
combinations of the tensor elds T r. These linear combinations are linearly indepen-
dent and form together with the singlets and the components of the (D)-multiplets
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a basis for the tensor elds in the sense of section 3, equivalent to fT rg. This was
shown explicitly in [27] and implies the QDS-structure of the o-shell representation
of (C.1) in old and new minimal supergravity.
C.3 On-shell D-multiplets
Using table C.2 and the linearized equations of motion it is easy to verify that the
D-transformations of the tensor elds (6.2) reduce on-shell to those given in table
C.3.
T^ D−T^ D+T^ T^ D−T^ D+T^
Wq 0 −12Xq
Wq 0 0









Table C.3: On-shell D-transformations
The QDS-structure of the on-shell representation of (C.1) is evident from table
C.3: the on-shell D-multiplets are singlets without undotted spinor index and (D)-
multiplets (there are no (Q)-multiplets on-shell in this case!):
(S) : W0; 
i
0








iq+1g (q = 0; 1; : : :)
D Super-covariant Poincare lemma
In this appendix it is proved that any ~s-exact and G-invariant local total form f(~; T )
is of the form ~sh(~; T ) except for the abelian total curvature forms F ia , the total
curvature form H corresponding to t and the \total super-Chern 4-forms",
f(~; T ) = ~s; If(~; T ) = 0
) f(~; T ) = ~sh(~; T ) + aiaF
ia + cH+ dIJF
IFJ (D.1)
where the aia and c are arbitrary constants and the dIJ are constant G-invariant
symmetric tensors. Furthermore, no nonvanishing linear combination of the F ia , H
and dIJF IFJ is ~s-exact in the space of local total forms f(~; T ),
aiaF
ia + cH+ dIJF
IFJ = ~sh(~; T ) , aia = c = dIJ = 0: (D.2)
To prove (D.1) I rst note that thanks to (4.12) we can assume without loss
generality that  does not involve the U ’s and V’s. Furthermore we can of course
assume that f has a denite total degree G and thus consider
f(~; T ) = ~s(W); If = 0; totdeg(f) = G: (D.3)
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For G > 4, the assertion follows immediately from (4.28). Indeed, (D.3) implies
~sf = 0 and (4.28) therefore ensures f = ~sh(~; T ) for some local h in the cases G > 4.
Note that we can use (4.28) in the cases G > 4 because these results are derived
independently of the above assertions, in contrast to the results for G < 4.
We are therefore left with the cases G  4. Since  has total degree (G − 1), it
vanishes for G = 0 (as it does not involve antields and thus cannot have negative
ghost number) and is necessarily of the form h(T ) in the case G = 1. We conclude
G = 0 : f = 0; (D.4)
G = 1 : f(~; T ) = ~sh(T ) (D.5)
which proves (D.1) for G = 0; 1.
The cases G = 2; 3; 4 are more involved. Using (4.33) they can be treated by
adapting a method developed in appendix E of [26] to solve a similar problem in
ordinary gravity. To that end we dene I on the ~C
J and ~Q according to
I ~C
J = −fIK
J ~CK ; I ~Q = 0 (D.6)
i.e. ~CJ transforms under I according to the adjoint representation of G, whereas ~Q
is G-invariant. It is now easy to check that on local total forms (W) one has
I = f~s; @Ig ) [I ; ~s] = 0 (D.7)






(D.7) implies that without loss of generality we can assume
I = 0 (D.9)
because If = 0 implies ~s(I) = 0, i.e. any G-noninvariant contribution to  would
have to be ~s-invariant and would thus not contribute to f in (D.3). Applying now @I
to (D.3) we get, thanks to (D.7),
~s(@I) = 0 (D.10)
since f does not depend on the ~CI . Hence @I is ~s-closed, has total degree (G− 2)
and is thus ~s-exact for G = 3; 4 and constant for G = 2 by (4.33),
G = 2 : @I = aI = constant; (D.11)
G = 3 : @I = ~shI(T ); (D.12)
G = 4 : @I = ~sI(W) ; (D.13)
where in (D.12) we used that hI has vanishing total degree and thus depends only on
the T (we also used (4.12) again).
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Let us rst consider the case G = 2. Since in this case  has total degree 1, (D.11)
implies evidently  = h(~; T ) + aI ~CI . (D.9) then requires aI = 0 unless I refers to
an abelian element of G. We conclude
G = 2 :  = h(~; T ) + aia ~C
ia
) f = ~sh(~; T ) + aiaF
ia : (D.14)
Next we turn to the case G = 3. In (D.12) we can assume with no loss of generality
that the hI transform under G according to the co-adjoint representation because this
holds for @I too (as a consequence of (D.9), due to [I ; @J ] = fIJ
K@K) and because
~s leaves the representation invariant due to (D.7). Applying @J to (D.12) we thus
conclude, using (D.7) again,
G = 3 : @J@I = fJI
KhK : (D.15)
In the case G = 3,  has total degree 2 and is thus at most quadratic in the ~CI and
linear in ~Q. Hence, it is of the form
G = 3 :  = h^+ ~Qg^ + ~CI h^I +
1
2
~CI ~CJ h^JI (D.16)
where g^ and the h^’s depend only on the ~’s and T ’s and can be assumed to transform
under G according to their indices due to (D.9). It is now easy to verify that (D.12)
and (D.15) imply
G = 3 : h^JI = fJI
KhK ; h^I = ~ssusyhI
)  = h^+ ~Qg^ − ~s( ~CIhI) + F
IhI
) f = ~s(h^+ F IhI) +Hg^ + ~Q(~sg^): (D.17)
Now, since f does not depend on ~Q, dierentiation of (D.17) w.r.t. ~Q yields ~sg^ = 0
which implies g^ = c = constant by (4.33) as g^ has vanishing total degree. This yields
G = 3 : f = ~sh(~; T ) + cH; (D.18)
with h = h^+ F IhI , and proves (D.1) in the case G = 3.
The case G = 4 can be treated similarly. Applying @J to (D.13) yields
G = 4 : @J@I = fJI
KK − ~s @JI (D.19)
) ~s @(JI) = 0 ) @(JI) = dIJ = constant (D.20)
where we used that the @I anticommute and that @(JI) has vanishing total degree.
The dIJ are thus symmetric G-invariant constant tensors. As I has total degree 1,
we conclude from (D.20):
I = hI(~; T ) + ~C
J(dJI + hJI(T )); hJI = −hIJ : (D.21)
Applying @K to (D.19) yields then
@K@J@I = fJI




Using (D.13), (D.19), (D.21) and (D.22) it is now straightforward to determine rst
 and then f by a calculation similar to the one that led to (D.17). One nds
G = 4 : f = ~sh^+Hg^ + ~Q(~sg^) + dJIF
IFJ (D.23)
where g^ and h^ depend only on the ~ and T . Dierentiating (D.23) w.r.t. ~Q yields
~sg^ = 0 which implies g^ = ~sk(T ) by (4.33) and (4.12). Using ~sH = 0 and dening
h = h^−Hk, this nally results in
G = 4 : f = ~sh(~; T ) + dJIF
IFJ (D.24)
and completes the proof of (D.1).
In the case G = 2, (D.2) can be proved as follows. Assume
aiaF
ia = ~sh(~; T )




ia − h(~; T )
i
= 0
and thus, by (4.33) and (4.12),
aia ~C
ia = h(~; T ) + ~s g(T ) (D.25)
for some g(T ). However, as no ~sT contains a linear combination of the ~Cia (with
constant coecients), the left and the right hand side of (D.25) must vanish separately
which implies indeed aia = 0. Analogously one can treat the cases G = 3; 4 and
complete the proof of (D.2).
E Linearized weak supersymmetry cohomology
In this appendix we will compute the weak cohomology of susy in the space of G-
invariant local total forms f(~; T^ ) at total degrees  4 (cf. eq. (6.14)). It will be
shown that this cohomology vanishes at all total degrees exceeding 4 and is at total
degree 4 represented by G-invariant local total forms
P^ = D^ _D^
_  fA( W; ) +DDB(T^ )g+ c:c: (E.1)
with  as in (4.30) and D^ _ as in (4.46). Furthermore we will derive the results for
total degree 3 presented in section 6.2.
Let us therefore consider
susyf(~; T^ )  0; If = 0; totdeg(f) = G  3: (E.2)
The problem will be analyzed along the lines of [28] to which I refer for details (see
section 6 and appendix A of [28]). I note however that the case G = 3 was not treated
in [28] and deserves therefore some special attention.
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We decompose both susy and f according to the degree in the ~
a. To this end we





susy decomposes into three pieces with ~N -degrees 1; 0;−1 respectively,
susy = − + 0 + + ; [ ~N; ] =  ; [ ~N; 0] = 0: (E.4)
These pieces are spelled out in table E.1 where b and b are the operators
b T^ = ~DT^ ; b T^ = ~
_ D _T^ ; b ~
A = b ~A = 0: (E.5)
Here the linearized (weak) D-transformations given in table C.3 are to be used.
W −W 0W +W
~ _ 4i~~ _ 0 0
~ 0 0 0
~ _ 0 0 0
T^ 0 (b+ b) T^ ~aDaT^
Table E.1: Decomposition of susy
susyf  0 decomposes into
0 = −Xp; (E.6)
0  −Xp+1 + 0Xp; (E.7)
0  −Xp+1 + 0Xp + +Xp−1 for p < p < p; (E.8)
0  0Xp + +Xp−1; (E.9)
0  +Xp (E.10)
where Xp is the part of f(~; T ) with degree p in the ~a,
f(~; T ) =
pX
p=p
Xp ; ~NXp = pXp : (E.11)
Note that in (E.6) we have used = rather than  as − does not see the tensor
elds at all. Since f(~; T^ ) is dened only modulo weakly susy-exact local total
forms susyh(~; T^ ), Xp can be assumed to represent a nontrivial cohomology class of
the cohomology of −. That cohomology has been determined in [27, 48] (see also
[28, 34]). The result is that a −-closed function depends, up to −-exact pieces, on
the ~a only via the quantities
# = ~ _~
_ ; # _ = ~ _ ;  = ~ _~
_~ : (E.12)
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Moreover the dependence on these quantities is very restricted as one has
−f(~
A) = 0 , f = P (# _; ~) + P 0(#; ~ _) + a + −h(~
A) (E.13)
where a is constant. Furthermore no non-vanishing function P (# _; ~) +P 0(#; ~ _) +
a is −-exact,
P (~# _; ~) + P 0(~#; ~ _) + a = −h(~
A) , P = −P 0 = constant; a = 0: (E.14)
These results are very useful when analyzing (E.6){(E.10). First we use (E.13) to
conclude that Xp can be assumed to be of the form
G  4 : Xp = P (#
_; ~; T^ ) + P (#; ~ _; T^ ); (E.15)
G = 3 : Xp = P (#
_; ~; T^ ) + P (#; ~ _; T^ ) + 4 1p R(T^ ) (E.16)
where the Kronecker symbol 1p occurs as  is linear in the
~a and a factor 4 has
been introduced for later convenience. Furthermore we can assume without loss of
generality that P and P are related by complex conjugation and that R is real (cf.
second remark at the end of section 4.1). Note that  has total degree 3 and can
therefore occur only forG = 3 which complicates the analysis of this case as compared
to the other ones. Note also that in fact we have p 2 f0; 1; 2g as the #’s anticommute.
By inserting now (E.15) resp. (E.16) in (E.7) we obtain, using (E.14)
b P  0 (E.17)
with b as in (E.5). Furthermore we can assume without loss of generality
P 6 bQ (E.18)
because otherwise P can be removed from f by subtracting a suitable susy-exact
piece from f without changing the form of Xp, i.e. without reintroducing a −-exact
piece in it (of course P , P or R may get redened). Moreover P is required to
be G-invariant. Using P = # _1    # _p! _1 _p(~
; T^ ) one concludes that ! _1 _p is
determined by the weak cohomology of b on l-invariant functions f(~
; T^ ) where
l generates Lorentz (resp. SL(2; C)) transformations of undotted spinor indices
according to (A.1).
In order to compute the latter cohomology, we need the QDS-structure of the
on-shell D-representation proved in appendix C.3. Thanks to this structure we can
directly adopt the analysis and results of appendix A of [28] to conclude
bf(~; T^ )  0; lf = 0 , f  A( W; ) +D
2B(T^ ) + bh(~; T^ ) (E.19)
where B and h are l-invariant and we used D2 = DD. This result is the key to
the solution of (E.2) in the cases G  4. Indeed, it implies in particular that ! _1 _p
can be chosen so as not to depend on ~ at all, and thus that the total degree of P
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equals two times its degree in the #’s. As the latter are Grassmann odd and linear in
the ~a, we conclude immediately that P can be assumed to vanish in all cases G  3
except for the case G = 4, p = 2 where (E.19) yields
G = 4; p = 2 : P = −4i # _ #
_[A( W; ) +D2B(T^ )]: (E.20)
In particular this implies that each solution to (E.2) with G > 4 is indeed trivial.
Furthermore, using (E.13) again, it is easy to verify that the equations (E.8){(E.10)
do not impose further obstructions in the case G = 4 and lead to the solutions (E.1).
This completes the investigation of (E.2) for G  4.
We are thus left with the case G = 3, p = 1 for which (E.16) reduces to
G = 3; p = 1 : X1 = 4R(T^ ): (E.21)
Here we used already that P can be assumed to vanish in this case by subtracting
a trivial piece from f and redening R suitably, if necessary. Recall that so far we
have only used equations (E.6) and (E.7). We now have to analyze the restrictions
on the function R(T^ ) imposed by the remaining equations (E.8){(E.10). To that end
we need the explicit form of X2 corresponding to (E.21). It is obtained from (E.7)
and reads




up to a −-exact piece which can be neglected with no loss of generality. (E.8) now
requires
+X1 + 0X2 + −X3  0 (E.23)
for some X3. Elementary algebra with spinor indices yields straightforwardly
0X2 = i(−#
 # _[D; D _] + ~
_fD; D _g+ 12
##D2 + 12##
D2)R(T^ ): (E.24)
Now, the rst term in (E.24), involving the commutator [D; D _], is −-exact by
(E.13) as it is −-closed and involves both # and #. The second term, involving the
anticommutator fD; D _g, cancels exactly with +X1 in (E.23) due to fD; D _gR 
−2iD _R. The remaining two terms in (E.24), involving D2R and D2R respectively,
are −-closed but not −-exact, see (E.13) and (E.14). Hence, (E.23) requires
D2R(T^ )  0: (E.25)
Moreover, (E.23) now determines X3 unambigously as X4 vanishes in the case G = 3.
One nds
X3 = 112
~ _ ~ _
~
_[D; D _]R(T^ ): (E.26)
X1 +X2 +X3 yields now indeed (6.15).
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